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Abstract

We consider two-dimensional Lévy processes reflected to stay in the positive quadrant.
Our focus is on the non-standard regime when the mean of the free process is nega-
tive but the reflection vectors point away from the origin, so that the reflected process
escapes to infinity along one of the axes. Under rather general conditions, it is shown
that such behaviour is certain and each component can dominate the other with positive
probability for any given starting position. Additionally, we establish the correspond-
ing invariance principle providing justification for the use of the reflected Brownian
motion as an approximate model. Focusing on the probability that the first component
dominates, we derive a kernel equation for the respective Laplace transform in the start-
ing position. This is done for the compound Poisson model with negative exponential
jumps and, by means of approximation, for the Brownian model. Both equations are
solved via boundary value problem analysis, which also yields the domination probabil-
ity when starting at the origin. Finally, certain asymptotic analysis and numerical results
are presented.
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1. Introduction

Reflected processes occupy a prominent role in the literature on operations research and
applied probability. In the one-dimensional setting, reflection is specified in terms of the clas-
sical Skorokhod problem, and it is widely used to model workload in queues, as well as capital
injections and dividends in risk insurance, to name just a few applications. Multidimensional
models, allowing for various new features, have been extensively studied as well. We mention
only the classical monographs [7] and [11], as well as the survey paper [27] on the semi-
martingale reflected Brownian motion. Apart from some studies of the fundamental properties
of the multidimensional model [21, 24], most of the work focuses on the recurrent case and
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FIGURE 1. Reflected Brownian motion started at the origin: domination of the first component.

the stationary distribution of the reflected process; see [8, 14] for some recent work. Potential
theory and Green functions have also been considered [4, 19]. Another quantity of interest is
the probability of hitting the origin for a transient process, which in the insurance context can
be interpreted as ruin in a model of two collaborating companies [1, 16]; see also [15, 25] for
some fundamentals concerning the Brownian model.

In this paper we consider a bivariate Lévy process with a negative mean in a non-standard
regime, where the reflection vectors point away from the origin, forcing the reflected process to
escape to infinity along one of the axes. We say that the first component totally dominates the
second if the process escapes to infinity along the x-axis, that is, the first component grows to
infinity while the second becomes relatively negligible; see Figure 1 for an illustration. Under
rather general conditions, it is shown in Theorem 3.1 that one of the components dominates
the other almost surely and that each component can be dominant with positive probability for
any fixed initial position. Additionally, we establish an invariance principle in Theorem 4.1
justifying, for example, the use of the Brownian approximation in applications.

Some of the possible interpretations of our model include the following:

e Two funds diminishing on average, with an agreement that deficit in one fund is instan-
taneously covered together with a proportional capital inflow in the other. This inflow
may also result indirectly from the loss of rating or trust.

e Two coupled servers with a special feature that one server, upon becoming idle, hinders
the other (or provides some extra work for the other).

We think mainly of the first interpretation and sometimes use the corresponding terminol-
ogy, such as capital and injections.

It must be noted that the conditions imposed on the reflection angles lead to a non-unique
solution of the Skorokhod problem in general, which makes the definition of the model prob-
lematic. We resolve this by restricting our attention to certain subclasses of bivariate Lévy
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processes. Firstly, the model in the Brownian case is defined by [24], where the authors
also showed its uniqueness in law and derived some important properties. Secondly, a sim-
ple iterative construction can be applied if one of the components of the free process does
not become negative immediately. In particular, this allows for a compound Poisson process,
where each component has a positive linear drift and only negative jumps (cf. the classical
Cramér-Lundberg model in risk insurance). We stress that non-uniqueness and the particular
implementation of reflection at the origin has no or little effect on our results. Furthermore, we
formulate the domination and approximation results in such a way that other models can easily
be added upon verification of some basic properties.

Additionally, we identify the Laplace transform of the probability that the first entity wins
by totally dominating the second in two important special cases:

(i) the aforementioned compound Poisson model with independent components and nega-
tive exponential jumps;

(i1) the correlated Brownian model.

Firstly, we derive a so-called kernel equation in Case (i), additionally allowing for common
jumps (shocks), and then obtain a kernel equation in Case (ii) via approximation, relying on
the theory developed below. While in Case (ii) the kernel has already been studied in [14] for
different equations/problems, in Case (i) we have a completely new analytic problem. Even
though our kernel equations resemble the one in [16], the Wiener—Hopf methods used there
seem not to be applicable in the current setting.

The kernel equations are solved by reducing them to the Carleman boundary value problem
(BVP) following the general scheme presented in the classical monograph [11]. This method,
initially proposed in the seventies [10, 22], has been used to study random walks in the quad-
rant, their invariant measures and Green functions [18, 19], and some related queueing models
[2]. This approach has also been fruitful in the continuous setting for computing the stationary
distribution of a reflected Brownian motion in the quadrant [14]. Our solutions are given in
terms of a single contour integral along a half-circle in Case (i) (see Theorem 6.1) and along
a half-hyperbola in Case (ii) (see Theorem 7.1). Furthermore, we obtain the probability of
domination when starting at the origin and also derive some asymptotic results.

The paper is organized as follows. The model is defined in Section 2, and a basic result
concerning the total domination probabilities is proven in Section 3. The approximation result
and its proof, relying on the uniform law of large numbers for Lévy processes, are given in
Section 4. The kernel equations for the models (i) and (ii) are derived in Section 5 from the
one for the Poissonian model with common shocks. With regard to the latter equation, we only
summarize the basic steps; the corresponding lengthy and tedious calculations are presented in
Appendix A. We solve the kernel equation for the Poissonian model (i) in Section 6 and for the
Brownian model (ii) in Section 7. Finally, numerical illustrations are provided in Section 8.

2. Definition of the model

Consider a probability space with filtration F;, and let X(¢) = (X1(¢), X2(?)), t > 0, be an
adapted bivariate Lévy process, that is, a process with stationary and independent increments
which is continuous in probability; without loss of generality, we assume that it has cadlag
paths without fixed jumps (e.g., see [17, Theorem 15.1]). Our main examples will be a corre-
lated Brownian motion and a drifted compound Poisson process, whose two components may
exhibit both individual and common jumps.
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2.1. Skorokhod problem

A bivariate process Y > 0 is a solution to the Skorokhod problem [27], also known as the
dynamic complementarity problem, if the following holds almost surely (a.s.):

Y1() =u+ X1(0) + L1(t) + r2La (1),

2.1)
Yo(t) = v+ Xo() + riLi(0) + La(2),

where (u,v) is the starting position with u, v > 0, and the L; are the regulators (cumulative
capital injections) satisfying

(1) L;(?) is non-decreasing with L;(0) = 0;
(i1) L;(r) increases only when Y;(¢) =0, i.e., fooo Yi(s)dL;(s) = 0.

It is assumed that all the processes are adapted to the given filtration. The second condi-
tion concerns minimality of injections, meaning that no injections are received unless strictly
necessary; in particular, we have

Li(H)= sup [—u—Xi(s) —r2La(s)] VO,
0<s<t

Ly(t)= sup [—v—Xa(s) —riLi(s)] VO.
0<s<t

In contrast to the classical setting, we assume that

ry, n > 0 and ryr > 1. (2.2)

1r2
I'|1

thus our Skorokhod problem has a solution in the sample-path sense [20]. Uniqueness, how-
ever, is not guaranteed, leading to certain measurability issues for general processes; see
[5, 27]. Nevertheless, in the Brownian case there is a unique weak solution [24]. Moreover,
[28] establishes an invariance property allowing one to retrieve the Brownian model as a weak
limit of approximations on compact time intervals.

The corresponding reflection matrix ( ) belongs to the so-called completely-S class and

2.2. Iterative definition and linear complementarity problem

To define the reflected process for a more general X, we need to recall an important
dichotomy for one-dimensional Lévy processes: the probability of immediate entrance into
the negative half-line (—oo, 0) is either 0 or 1. In the first case the entrance time is strictly
positive and the main example is a process of bounded variation on compacts with a positive
linear drift [6, Proposition VI.11].

Coming back to the bivariate process X, we assume that at least one of its components enters
(—o00, 0) at a strictly positive time. Without loss of generality, we assume that X» is such, and
let Tk, k > 1, be the random times when X (or, equivalently, v + X>) updates its infimum; for
convenience, we also set T = 0. It is clear that if

v+ Xo(Ti—1) + r1L1(Tg—1) + L2(Ti—1) 2 0,
then, since r; > 0, we also have

v+2Xo() +rLi() + La(Tk—1) 20, T <t<Ty;
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besides, Ty — oo a.s. as k — oco. Therefore, in order to obtain the reflected process Y on
[0, +00), we just need to define it on the intervals [Tx—1, %), k > 1, keeping L, constant on
them.

To this end, we set Ly(f) = 0 for t < T1, and then define Y on [0, T7) by reflecting u + X7 +
r2Ly in the one-dimensional sense up to 77, i.e. taking

Li(ty=— inf [OA(u+X1(s))], t<T.
0<s<t

Then, loosely speaking, at the moment 7'y we solve the corresponding linear complementarity
problem, reset Y accordingly, and proceed from there, repeating the procedure. More precisely,
at each epoch Ty, which is a stopping time, we let

where AX;(Ty) = Xi(Tx) — Xi(Ty — ), and solve the linear complementarity problem for this
x=(x1,x) € RZ:
yi =x1+£1 +réo, y2=x+ € + 11y, (2.3)

where y;, £; > 0 and ¢;y; = 0. Then we set Y;(Ty) =y;, Li(Tyx) = Li(Tx — ) + ¢£;, and proceed as
if Y(Ty) = (v1, y2) were the starting position instead of (u,v) and X (T} + -) — X(T}) were the
free process instead of X, whereas we let L accumulate the needed future injections.

Thus defined, the processes Y, L1, and L, are clearly adapted to the given filtration and
satisfy (2.1) together with (i) and (ii). In addition, if both X; and X> enter (—o0, 0) at a strictly
positive time, then L; and L, are piecewise constant and do not depend on the initial choice of
the component of X for which the T} are constructed.

However, it turns out that the static problem (2.3) can have multiple solutions for certain
(x1, x2) < 0. In principle, any of these can be used, and one may even pick a solution in an
Jr,-measurable random way. However, we choose one specific solution, which we are now
going to describe.

In the static problem (2.3), x; > 0 necessarily implies that ¢; = 0. In particular, x, x, >0
yields y; = x; (no adjustment). Furthermore, if x; < rox> A0, then y; =0 and y, =x2 — rixy,
whereas if xo < rjx; A0, then y; =x; — raxp and y, = 0. The final case concerns the wedge:

x1,x<0, x12nx, X >rx;
see also Figure 2. Here we have three solutions (two on the boundary):

(1) y1=y2=0,
(ii) y1=x1 —rx2, y2=0,
(i) y1 =0, y»=xp—rixi.

In the following we pick (i) for concreteness, which resets both components to 0 when ambi-
guity arises. It is noted that this particular choice has no or little effect on our results, which
we also stress in the following.

Finally, it is worth mentioning that in a similar way one can construct the reflected process
for the sum of a Brownian motion and an arbitrary independent compound Poisson process,
where between the jumps the model evolves as a reflected Brownian motion and at jump epochs
we again solve (2.3).
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T2 — 11X
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FIGURE 2. Solutions to the linear complementarity problem (2.3). The blue half-line corresponds to
x1 = rpxp < 0 and the red to x, = r1x; < 0. The red region results in y; = 0 and the blue region in y, = 0.
The wedge corresponds to three solutions, and for concreteness we choose y; =y, = 0 there.

2.3. Basic properties

Here we observe some basic properties of the reflected process. Firstly, note that the
regulator does not increase when the free process is non-negative:

Viel0,T]: u+X1(1)=0 == Li(T)=0, 2.4)

since from (2.1) we then have Y () > L(¢) and thus fOT L1(1)dL(t) = 0. In such a case L(t) =
(— infogogs [V + X>(s)])* and the expressions for Y| and Y, are straightforward. Unlike in the
classical case, however, non-uniqueness presents some problems: if L{(7) =0 yields a non-
negative solution (and even Y1 may be strictly positive on [0,7]), then we cannot conclude that
this is the right solution.

Importantly,

Y is strong Markov, 2.5)

so that for any finite stopping time 7, conditional on Y(t) = («/, V'), the process Y'(t) = Y(z +

1) is independent of F; and has the original law when started at (x/, v'). In the Brownian

case this is a consequence of the strong Feller property shown in [24], and in the case of the

iterative construction of Section 2.2 this property is obviously inherited from the process X.

Note, however, that the choice in (2.3) must not depend on the future evolution of the process.
Finally we comment on rescaling of the model. For any a;, az > 0, by setting

/ ’ ’ / az ’ aj
X;(H=aXi(), uw=au, V =ay, ri=-—r|, I=—r, (2.6)
ai a

we find that Y;(r) = a;Yi(1), with Li(t) = a;L;(r) being a solution of (2.1). Furthermore, we
resolve non-uniqueness in Section 2.2 in a consistent way, implying Y;(r) = a;Y;(t). Thus, the
probability of total domination defined in Section 3 is invariant under any such scaling given
that the initial position is scaled appropriately.
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FIGURE 3. Reflection vectors and the mean.

3. Domination

3.1. The result

We assume throughout this paper that X is a bivariate Lévy process (with cadlag paths) such
that

EX(1) = u = (1, n2) <0, (A1)

rilpe] > |pal, ra2lpal > p1l, (A2)

where the latter implies (2.2). Furthermore, we assume that the reflected process Y is well-

defined in the sense that it satisfies (2.1) and (2.5). It is noted that in the Brownian case the

above conditions imply that Y is transient [15], but more is true, as we show in the following.
An additional technical assumption is needed to exclude certain degenerate cases:

P{3r>0:X:(>0, ;0 =X,(0} >0, (i, j)=(1,2), 2. 1), (A3)

where X (t) = infpgygs Xj(s). This condition is not minimal possible, but we avoid further
techmcahtles since it is broadly satisfied. Importantly, for the Brownian model it is sufficient
to assume that its correlation p is not 1. For the compound Poisson model with positive linear
drift c it is sufficient to assume that both components may exhibit individual negative jumps.
As an example not satisfying (A3), consider jumps distributed as (A1, Aj), where A; <0 and
P(A1/A> > c1/cp)is either 1 or 0. It should be mentioned that such models with ordered jumps
have been used, for example, in [3], because they allow for simpler analysis in various settings.

Our focus is on the probabilities p; = p;(u, v) of total domination starting from («,v), which
are defined by

p1<u,v>=P(u,v){Y1(r>»oo YZEI; o},

13
pa(u, v)=P<u,v>{Y2(t)_’°° YI_EI; 0}'

The following result shows that total domination is certain, and each component can be the
dominant one for any starting position.
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Theorem 3.1 (Total domination probabilities). Under the conditions (A1), (A2), and (A3) for
any (u,v) € Rﬁ_ we have the following:

piu,v)e©,1)  and  pi(u,v)+pr(u,v)=1.
Moreover, lim pi1(u,v)=1and lim pi(u,v)=0.
u—> 00 V—=>00

The proof of this result is based on two lemmas and the observation that Y visits the bound-
ary infinitely often. Firstly, we employ a regeneration argument to show that Y hits the remote
parts of the quadrant boundary a.s. Secondly, when starting in those remote parts, the process
Y has the claimed behaviour with high probability, which follows from the strong law of large
numbers and some basic properties underlying (2.1).

3.2. Proofs
By the law of large numbers, we have

Xi(0) as.
#3% t—o00, i=1,2; 3.1)

see, e.g., [23, Theorem 36.5]. This implies that if the conditions (A1) and (A2) are satisfied,
then the reflected stochastic process Y hits the boundary E)R?F infinitely often:

sup{t = 0: Y () AY2(H)=0}=00 as.

Indeed, suppose that T =sup{r > 0: Y1(¥) = 0} < co. By definition, we have Y;(¢) > 0, ¢ > t,
and so Li(#) = L1(t A T), t > 0. Therefore, using (3.1), we obtain

. LZ(t) . 1 +
lim —— = lim — sup (—v—Xo(s) —riLi(sAT) " =—uy>0 as.,
t—oo t t—o0 t 0<s<1

which implies that sup{r > 0 : Y>(¢) = 0} = oo.

However, if the condition (A3) is also fulfilled, then a stronger assertion holds true; namely,
the reflected process hits the remote parts of the boundary 8]&1 a.s.

Lemma 3.1. Assume the conditions (A1), (A2), and (A3), and for any h > 0 define two disjoint
sets

Dy={(x,0):x>h},  Dp={0,y):y>h}.
Then, for any fixed (u, v) € Ri and all h > 0, the stochastic process Y satisfies the following:
Pl {3 t>0:Y(H)eD) UD,E} =1,
Peuy) {3;20; Y(t)eD;,] >0, i=1,2.

Proof. Note that the law of large numbers (3.1) and the condition (A3) imply that the paths
of Xj and X, take both positive and negative values, and so are not monotone functions with
probability one. In addition, by the condition (A3) we have

P{3r>0:X1(t)> 0, X2() =X,(} > 0.

https://doi.org/10.1017/apr.2022.2 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.2

Probability of total domination 9

Furthermore, since uo < 0, we can add X,(#) < 0 into this probability to get
IP’{EIt>O:X1(t) >0, Xo(t) =X,(1) <0} > 0. (3.2)

Fixing any & > 0, we note that since X is not non-increasing it can become arbitrarily large
before becoming < —4. Thus, using the strong Markov property and applying (3.2) sufficiently
many times, we obtain

P{3r>0:X1(> 1, X;(t) > =3, X2(t) =X,(1) <0} >0,
and hence for some 7 > 0
c=P {Elte O, T1: X1(0) > 1, X,(0) > =46, Xo() =X,(1) < 0} > 0. (3.3)

As was shown at the beginning of this subsection, the stochastic process Y visits the bound-
ary of R%r infinitely often. Assume that for some § > 0 the process Y visits Dgls U D% infinitely
often. Let us show, using a regeneration argument, that the same is then true for 8’ =6 + 1.
Consider an increasing sequence of stopping times 71, 72, . . . defined as the successive visits
of the set D; with at least 7 time units in between:

1 =inf {t> 0| Y(r) € Dy},
Ty =inf{t>5+T| Y@ eD}), i>1l.

For each i such that t; < oo, let u; = Y1(1;), and consider the probability that Y hits Dllli i in
[z, Ti + T1, but before Y; becomes less than or equal to u; — §, which will mean that it hits
D; 41~ This probability is constant for all i and is given by (3.3). Hence, the probability of not
visiting D; 41 is bounded above by (1 — c)V1, where N is the number of 7; < co. The same
is true for the other direction. Since at least one of N, N, is infinite, this implies that visiting
Dj,, UD;,, is certain.

Also, we note that if only the origin is visited infinitely often, then we may apply a simi-
lar regeneration argument at the origin to get a contradiction. Therefore, the above argument
proves the first claim.

To prove the second statement, we note that the probability of hitting the boundary at a point
other than the origin is positive. Firstly, Y1 must be positive, since X; is not non-increasing.
But for a positive # we may again apply (3.3), showing that hitting the ray (x, 0), x > 0, is
possible. This also shows that hitting D}ll for any 4 > 0 and any starting position (u, v) occurs
with positive probability. A similar argument holds for the other component, which completes

the proof. (]

The following lemma shows that if the initial capital of one of the companies is sufficiently
large, then this company will dominate with probability close to one. Its proof is based on the
law of large numbers (3.1) for Lévy processes.

Lemma 3.2. If the conditions (A1) and (A2) are satisfied, then for any ¢ > 0 there exists ug =
uo(e) = 0 such that

piu,v)=1—¢

forallv >0 and u > (rv) V ug. Also, a similar assertion holds true for p.
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Proof. We note that (3.1) implies

Xi(t) p
supﬁ—ﬂbi, T—o0, i=1,2.

2T

Therefore, fixing arbitrarily small &€ > 0 (more precisely, we will later need that ¢ < g9, where
g0 = (2|2l — |m1])/(2r2 + 2) > 0), we can choose T = T(¢) > 0 such that

Xi(t Xi(t
]P’{supmax ﬁ—m <8}:]P’{maxsup ﬁ— i <8} 21—5
>Ti=12] 1 =12, 57| t
Then we have
(mi—ot <Xi(t) <(ui+ o), 12T, i=12, (34

with probability not less than 1 — ¢/2. Also, let up > 0 be so large that
P {—)_fl(T) < uo} >1—¢g/2.

In the rest of the proof we focus on the intersection of these two events, which has probability
not less than 1 — ¢.
Now, fix arbitrary v > 0 and u > (r2v) V ug, consider the random time

T=inf{t>0|Li() >0} >T,

and let us show that actually T = oo. Indeed, we first note that if t =7, then Li(r) =0,
because

Y1(0) =Yi(T) > u+Xi(T) > up — (=X (1)) > 0.

Moreover, if T > T, then, by the definition of 7, for any T < ¢ < t we have L;(¢) =0, and using
(3.4) we obtain

Ly > sup (—v—Xa(s) — riLi(s))" = sup (—v—Xa(s))"

0<s<r 0s<r
+
> sup (—v—X2(9))" > (ol — )i —v. (33)
T<s<t

Hence, for such ¢t we have
YI)Zu+X10) +rla(®) 2 u— (ui| + )t +r2(uz| —e)t —rv = (u—rv)+ct >0,

where ¢ = (r2|u2| — |1)/2 > 0. Furthermore, the fact that X1(t) > —(|u1| + &)t and L, is
monotone implies that this bound also holds true for = 7.

Therefore, in both cases we have Y1(t) > 0. Owing to the right continuity of X; and mono-
tonicity of L; and L,, we have Y{(¢) > 0 for any 7 € (z, T + §) with sufficiently small § > 0.
This means that L;(#) = 0 for 7 € (t, T + §), which contradicts the definition of 7.

Thus, we conclude that for u > (r2v) V ug the stochastic process Y; stays positive at all
times. So for all £ > 0 we have

Yi() =u+X1(t) + rLa(2), Yo(t) = v+ Xo(t) + La(2),

Lyt = sup (—v—Xa())".
0<s<t
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It is easy to check that

. L@ . @ 410
lim —— =|ual, lim —— =rp|ua| — [n1| >0, lim — =0.
t—oo t t—o0o t t—oo t

Hence, the event of interest is ensured with probability not less than 1 — ¢.
The same argument is valid for the corresponding assertion with p. (|

Proof of Theorem 3.1. Fix arbitrary u, v > 0. For any ¢ > 0 choose uy = ug(¢) > 0 and vo =
vo(e) > 0 as in Lemma 3.2, set & = ug V vg, and consider

rlzinf[t20:Y(t)eDH, r2=inf{t>0:Y(t)eD,3},

which are stopping times with respect to the given filtration.

By Lemma 3.1 the event {r; < oo} has positive probability, and on this event the shifted
process X'(f) = X(t] + ) — X(71) has the same law as the original Lévy process and is inde-
pendent of the corresponding position Y (1) € D;O (see [6, Proposition 1.6]). Therefore, noting
that

Y2 (1)
P1(u, v) =P, 111 <00, Y1(t) > 00, =—= —=0¢,
Yi(0)

we obtain, by Lemma 3.2,

)%
p1(u, v) =Eq v [H{Tl < 00} Py(r) {Yl(t) — 00, £} — 0”
Y1(0)

z (1 =¢&) Pyvi{t < oo},

and so
(I —¢)-Punit < oo} <pi1u, v) <Pu,vwitr < oo} (3.6)

Similar bounds hold true for p,(u, v) and 1. Hence, according to Lemma 3.1, both p; and
p> are positive, which proves the first assertion, and also p; 4+ p2 > 1 — &, which, by the
arbitrariness of ¢, implies the second assertion. O

4. Approximation

4.1. Assumptions

Throughout this section we consider a sequence of bivariate Lévy processes X" converging
weakly to X with respect to the Skorokhod J;-topology [26, Section 3.3]. This is equivalent to

X1 x(1), (C1)

or to the convergence of the Lévy exponents [17, Theorem 15.17]. Furthermore, we assume
that the means also converge:

w® =EX"(1) > EX(1) = p, (C2)

which is equivalent, in view of (C1), to the uniform integrability of X(”(1).
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It is assumed that the reflected processes ¥ and Y are well-defined, so that they satisfy
(2.1) and (2.5). Now we may expect that

ym Ly whenever Ri_ > (u("), v(")) — (u, v), (C3)

which is indeed broadly satisfied for our models, including the case when Y is a reflected
Brownian motion, as shown by [28]. Nevertheless, some exceptions exist, as we now describe.
The degenerate case is given by a drifted compound Poisson process with linear drifts ¢; > 0
and jumps distributed as (J1, J2), where

ci = rjcj and J; — rjJj has a point mass 4.1)

for some i € {1, 2} and j #1i.

Lemma 4.1 (Convergence of reflected processes). The convergence in (C1) implies (C3) in the
following cases:

o Y is a reflected Brownian motion and (C2) holds;

o Y, Y™ are as defined in Section 2.2, apart from the case where X is a drifted compound
Poisson process satisfying (4.1).

Proof. The first statement is a consequence of [28, Theorem 4.1 and Proposition 4.2(1II)],
where uniform integrability and the martingale property readily follow from (C2).

Next, we consider the iterative construction of the reflected process, and recall that the one-
dimensional reflection is a continuous map [26, Section 13.5]. It is important that we resolve
non-uniqueness of (2.3) in the same way for all processes; recall that we have chosen to restart
the processes from the origin if ambiguity arises. Our reflection map is then continuous at
sample paths requiring finitely many iterations and not hitting the boundary of the wedge right
before the application of linear complementarity; see Figure 2. It is thus sufficient to show that
the boundary of the wedge is not hit at the time 7' in the construction of the limit process Y
with probability 1.

Suppose that this occurs with positive probability. Since the jumps of X below some nega-
tive threshold are independent, we see that Y(7] — ) must have a mass on some line parallel to
one of the wedge boundaries. Furthermore, we may replace 77 by an independent exponential
time. Assume for a moment that X is not compound Poisson, in which case the distribu-
tion of X, for any ¢ > 0 is continuous [23, Theorem 27.4]. Ignoring the reflection we easily
derive a contradiction by taking ¢ small and projecting X onto the perpendicular direction.
This argument can be extended to the case when X does not spend time at the boundary (the
Lebesgue measure is 0). In the only other case we may look at X, — r1 X to get the contradic-
tion. Finally, assume that X is a compound Poisson. The only possibility here is that included
into (4.1). O

4.2. The result and its proof

Let us now state the approximation result for the domination probabilities. In fact, we show
continuous convergence in the sense that perturbations in the initial positions are also allowed.
Importantly, (C3) is equivalent to convergence of the reflected process on compact intervals of
time, and thus convergence of the limiting quantities is not obvious.
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Theorem 4.1 (Invariance principle). Assume that X satisfies the conditions of Theorem 3.1,
and let X™ be a sequence of bivariate Lévy processes approximating X so that (C1), (C2), and
(C3) hold. Then

lim pgn) (u("), v(")) =pi(u, v), i=1,2,

n—oo

whenever Ri > (u("), v(”)) — (u, v). In particular, the p; are continuous for such X.

The main ingredient of the proof is the following uniform law of large numbers for Lévy
processes.

Lemma 4.2. Let X, X" be bivariate Lévy processes satisfying (C1) and (C2). Then

T'—-00 psoco >Ti=12

o X0,
lim limsup P {sup max | ——— ¢ =0 4.2)
‘ >

for any ¢ > 0.

Proof. Without loss of generality, we consider the one-dimensional case and assume that
u=0. Let us show that the stochastic process {M_;=X(t)/t, t > 0} is a martingale with
respect to the filtration G_; = o {X(¢t + 5), s > 0}, i.e., that for any # > 0 and 5 > 0,

X(t) _ X(1+9)

By the right continuity of the sample paths, it is sufficient to take t =m(t + s)/n for some
integers m < n. However, it is a standard fact that for independent and identically distributed
Z; with finite first moment we have the identity

m
EIZi+ -+ Zn| 2tk Zal = —(Zy o+ Zy),

and taking Z; = X(i(t + s)/n) — X((i — 1)(t + 5)/n) we get (4.3).
Now, by Doob’s martingale inequality [17, Proposition 7.15], for any T’ > T we have

e T

X() >8} _1 EX@)| 4

P{ sup —— >
re[r,7] !
which, by passing to the limit, readily extends to the infinite time interval [T, o).
Thus, to prove (4.2), it is sufficient to show that

Ejx™ID)
lim limsup ————— =0

T—00 p—soco T

However, for a fixed T we have X' (”)(T)gX (T) as n — oo, which implies the convergence of
the mean absolute values, because the families X"™(1), n > 1, and thus also X"(T), n> 1,
are uniformly integrable. Finally, from (4.4) with the infinite time interval [T, 00), it is easy
to deduce that the family |X(¢)|/t, t > T, is uniformly integrable, and so E|X(T)|/T — 0 as
T — oo (see also [23, Theorem 36.5]). O

Proof of Theorem 4.1. Fix ¢ > 0 and note that the bounds in (3.6) hold for all large n,
since then the conditions (A1) and (A2) are satisfied. Note, however, that g there depends
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(n)
0

on n. Nevertheless, we can choose u, = ug independently of n; see the proof of Lemma 3.2.

. . d
This is so because we may use the same 7" according to Lemma 4.2, but then X(I")(T)—»_( (D).

Furthermore, the bounds in Lemma 3.2 are also true if the set D;O ={(u,v)e ]R?F uz(nv)Vv

1
uo+34

Let p1(T) be the probability that Y hits D;O 4 on [0,T7] starting from (u,v), and let p(ln)(T) be
the probability that Y hits D;O on [0,77] starting from (u(”), v(")). We choose T > 0 so large
that

uo} is replaced by D for any § > 0 as defined in Lemma 3.1.

0<Puw{Yhits D |} —pi1(T) <e.

Then, by (3.6),
pi(u, v) <Pgy{Y hits D)} <pi(T)+¢
and
p1(, v) = (1 =) - P n{Y hits D)} > (1 —&)-pi(D).
Similarly,
(1 =) p{"(0) <p{” (", ) < p{"(T) + .
By the assumption (C3), we have Y(")g Y in D([0, TT) x D([0, T]), and so
P(T) > pi(1) — ¢
for all large enough n. Therefore, for all large enough n we obtain
pra,v) = pi” (@™, V) < (p1(T) + &) = (1(T) — e)(1 — &) < 3.
Similarly,
pa(u, v) —pgn)(u(”), v(”)) < 3e,

which, owing to Theorem 3.1 and the inequality p(ln) (u("), v(”)) + pg’) (u("), v(”)) < 1, implies

that
36 > pi(u, v) — p| (™, V) = 1= pau, v) — p% (u®, v)
Zp(zn) (u("), v(")) — pa(u, v) > —3e.
Thus, we conclude that p(ln) (™, V) > pi(u, v), n — oo. O

4.3. Poissonian approximation of Brownian motion

Here we consider an approximation of the correlated Brownian motion via compound
Poisson processes that allow both common and individual jumps with exponential distribution.
This model may be useful for financial applications.

Let N, Ni, N> be independent Poisson processes with rates A, A1, Ay > 0 respectively,
and let Jg, J,(Cl), J,(cz), k > 1, be independent standard exponential random variables that are
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also independent of N, Ny, N,. Consider a drifted compound Poisson process X = (X1, X»)
given by
N(@) Ni(0)

1 1 ;
Xi(y=ct— =Y L—=Y I i=12, 4.5)
4 - q9i -
where ¢;, gi, g; > 0 are fixed parameters. Note that the g; scale the common jumps (shocks),
whereas q1, g are the rate parameters of the individual exponential jumps.
The corresponding Laplace exponent (s, s2) = log Ee*1X1(D+52%2(1) jg given by
by A A2

— — + +
L+s1/q) +s2/q1  1+s1/q1 1+s2/q
(4.6)

Y(s1, s2) =s1c1 + 5200 —(A+ A1 +A2) +

for 51, 5o > 0. Differentiating i twice, we readily obtain
EX;(1) =ci — A/q; — Ai/4i,
var(X;(1)) = 21./q; + 2%/ 47,
cov(X1(1), Xa(1) = 21./(4142)-

Lemma 4.3 (Approximation of Brownian motion). For any o; >0, u; €R, and p €[0, 1],
there exist parameters c;, qi, q;, Ai, A > 0 such that

EXi() =i, varXy(1) =07, cov(Xi(1), Xo(1)) = poy02.
This is also true for a drifted compound Poisson process X" with parameters
K0 =hn, 3 = xin, 3" =gi/n, 4" = qiv/n,
" = pi+ (MG + hifai) /. 4.7)

and the X™ thus defined converge weakly, as n — oo, to the Brownian motion with means 4;,
variances criz, and correlation p.

Proof. 1Tt is enough to take parameters such that

5 1 1
)‘/ql'z = 5/051'2: )\i/ql'z = 5(1 - p)Uiz

with A, A1, and A; large enough for c; = w1 +1/q; +XA1/q1 and co = o2 + 1 /g, + A2/q2 to
be positive. Straightforward calculation shows that

1
(s, 52) — 3 (OES% +2pai02s152 + U§S§) + wi1s1 + pasa,

and so we have X(")gW according to [17, Theorem 15.17], where W is a Brownian motion
with the given parameters. U

In conclusion, the above-defined drifted compound Poisson processes X with exponential
jumps can be used to approximate a given Brownian motion X with non-negative correlation
p € [0, 1) and means satisfying (A1) and (A2), with (A3) being automatic. The construction of
Y™ is straightforward (see Section 2.2), and the conditions of Theorem 4.1 are satisfied. Thus,
the total domination probabilities for X can be derived from those for X®™_ which we indeed
use to derive the Brownian kernel equation in the next section.
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5. Kernel equations

In the following we study the total domination probability p1(u, v) for two basic models. In
fact, our focus is on the Laplace transform of p; and its restrictions where one initial position
is fixed at O:

F(sq, 52)2// e S 52p  (u, v)dudy,
R

00 00 (5.1)
F1(S1)=/e_"“p1(u, 0)du, Fz(sz)=/e_””p1(0, v)dv,
0 0

where s1, s > 0. It is noted that
F(s1, $2) = s152F (s1, 52)

can be seen as the total domination probability of the first component when starting at inde-
pendent exponential positions with rates s; and s,. Moreover, F (s1, 82) = s1F1(s1), $0 > 00,
noting that p; is continuous by Theorem 4.1, apart from the case (4.1).

Finally, we observe that rescaling of the model in (2.6) results in F (s1, $2) = F (aisi, arsy).
This, for example, allows us to assume that 1} = ) = —1 by taking a; = 1/|;|, in which case
(A2) reads simply r; > 1. Alternatively, in the Brownian model we may take o; = 1 without any
loss of generality.

5.1. Compound Poisson model
First, we consider the compound Poisson model from Section 4.3 with independent drivers
X; having positive linear drifts ¢; and jump arrival rates A;, with the jumps being negative
exponentials with rates g;. The bivariate Laplace exponent of (X, X>) is thus given by
A A
1 + 2 .
L+si/q1 1+s2/q2

Y(s1, s2) =cis1+cas2 — A1 — A2+ (5.2)

Note that the choice of solution in (2.3) does not play a role in this case.

Proposition 5.1 (Poissonian kernel equation). Let the Laplace exponent Y be given by (5.2)
with ci, Ai, qi > 0 being such that (A1) and (A2) are satisfied with w; = c¢; — Ai/qi and some
ri > 0. Then

Y (s, $2)F(s1, 82) = Wi(s1, 52) [Fi(s1) — Fi (q2/r2) ] +

(5.3)
+ Ya(s1, 52) [Fa(s2) — F2 (q1/r1) | + Fo,

where
A2q2 Alq1
- , o Ynalst, s2)=c1 — ,
(g2 + 52)(g2 — r251) (q1 +s1)(q1 — r152)
Fo=c2F1(q2/r2) +c1F2(q1/r1) .

Yi(s1, $2)=c2

It is important to note here that the kernel equation is explicit thanks to the assumption
of exponential jumps. A more general (and cumbersome) kernel equation is discussed in
Section 5.3, where the common shocks are allowed. This particular equation is an important
special case of Proposition 5.3.
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Notice that the kernel equation of Proposition 5.1 (as well as the one of Proposition 5.2)
can have many solutions. Actually, it seems possible to obtain the same kernel equation for
the Laplace transforms of IP(, ,)(A) with A € ﬂ,>0 o(Y(s), s >1), but a rigorous proof of this
generalization involves certain difficulties connected with the continuity and differentiabil-
ity of P(,,)(A) that are hard to overcome. Thus, the kernel equation is a necessary condition
for p1(u, v), but not a sufficient one. The uniqueness of the solution will be obtained in the
following sections assuming the limit properties of Theorem 3.1.

Next, we determine the constant Fp, which also yields a simple expression for
F (q2/7r2, q1/11). For this purpose, we define the points

MM A2
X0:=——¢q1>0 and yp:= — —¢q2 >0, 64
Ccl 2

which satisfy
¥ (x0, 0) = ¥2(x0,0)=0, ¥ (0,y0) =¥1(0,y0)=0, and ¥ (xo0,y0) =0;

see also Figure 5 below.

Lemma 5.1. In the setting of Proposition 5.1 we have

ri(r — C nc
Fo— 1(r2 2| |M1I)< Loy 22)

(5.5)
qilpil - qalpsl

rirp —1

Proof. The limits in Theorem 3.1 imply that F(0+, yo) = Fi(0+)=1and F(xg, 0+ )=
F>(0+4)=0. Evaluating the kernel equation (5.3) at three points (xp, 0+ ), (04, yo), and
(x0, ¥0), we obtain the equalities

0= 11 (x0, 0) [F1(x0) — F1 (q2/r2)] + Fo. (5.6)
— A
% = —% + 1200, y0) [Fa(v0) — Fa (q1/m)] + Fo.

0= ¥1(x0, yo) [F1(x0) — F1 (q2/r2) ] + ¥2(x0, Y0) [F2(v0) — F2 (q1/r1) ]| + Fo.

We can now express Fy as

Fo— (Cl —M/an @) Y2(x0, Y0) / <1/f1(XO,y0) 4 Yalo. yo) 1)’

Y0 a2 ) 920, yo) U1(x0,0) | ¥200,y0)

which upon simplification yields the stated expression. U

Importantly, the kernel equation (5.3) can be rewritten in a homogeneous form:

Y(s1, $2)f (51, 52) = Y1(51, $2)f1(51) + ¥2(s1, $2)f2(52), (5.7
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where the new functions are given by

Fo/Fo ~
Fls1,52) = Fis, s2) — 20/F0 g _cn an (5.8)
$152 q1 q2
Fo (1 m
fi)=Fi(s) —Fi(q2/r)—~ | ——— ),
Fo \ s1 q2
Fo (1 r
fals2) = Fa(s2) — Falqi/r1) — = (— - —) . (5.9
Fo\s2 qi

This follows from realizing that
1 1 1~
V(s1, s2)—— =¥1(s1, s2)— + ¥a(s1, s2)— + Fo,
5152 S1 5?2

multiplying it by F /Fo, and subtracting from the original kernel equation.

5.2. Correlated Brownian motion

Secondly, we consider a correlated Brownian motion X with means p; < 0, variances ol-z >
0, and correlation p € [0, 1), so that

1 22 22
Y(s1, $2) = 5(01 57+ 2001025152 + 0555) + L1851 + 282, (5.10)

We exclude p = 1, because of the condition (A3), and p < 0 is likely to be similar but requires
another approximating model and the concomitant tedious analysis. Again, the ambiguity
present in (2.3) does not arise.

Proposition 5.2 (Brownian kernel equation). Let the Laplace exponent v be given by (5.10)
with u; < 0 satisfying (A2) and p € [0, 1). Then

Y(s1, s2)F(s1, 52) = V1(s1, s2)F1(s1) + ¥a(s1, $2)F2(s2) + ¢cp1(0, 0), (5.11)

where

1
Y151, $2) = o + =03 (s2 — ra51) + poroasy,

2
1
Yo(s1, $2) = 1 + 5012(81 — r152) + po10252,
1
c= 5(”1012 + r2022) — po107. (5.12)

The proof of this proposition is given in Subsection 5.4.

Interestingly, here and in Proposition 5.1 the quantities y; can be expressed as ¥ (s, 52) =
(¥ (s1, $2) — ¥ (s1, —r251))/(s2 + r2s1), which are the same as in [16], which studies the
probabilities of hitting the origin in a different regime.

Importantly, the above kernel equation implies a simple formula for the domination prob-
ability when starting at the origin, but only in the independent case. For later use define

2 2
%= —Ls0 and yoi= -T2 >0, (5.13)
o (og
1 2
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which satisfy ¥ (xg, 0) = ¥2(xo, 0) =0 and (0, yo) = ¥1(0, yo) = 0. Importantly, for p =0
we also have ¥ (xg, yo) =0.

Corollary 5.1. In the setting of Proposition 5.2 with p = 0 there is the formula

1(0.0) ri(ralpal — w1 (0?2l + r203 1)
100,0)=
luill2l(riry — D(riof + r203)

(5.14)

Proof. We again use the limits F(0+, yo) = F1(0+)=1 and F(xo, 0+)=F»(0+)=0.
Evaluating the kernel equation (5.11) at three points (xp, 0 + ), (0+, yo), and (xp, yo), we obtain
the equalities

O = w‘l (Xo, O)F] (.X'()) + CPI(O’ O)v

"1 )
o =70 + ¥2(0, yo)F2(yo) + cp1(0, 0), (5.15)

0= vr1(x0, yo)F1(x0) + ¥2(x0, y0)F2(yo) + ¢p1(0, 0).

It remains to express p1(0, 0) and to simplify the final formula. O

Finally, we can rewrite the kernel equation (5.11) in a homogeneous form:

Y(s1, $2)f (51, 52) = Y1(s1, $2)f1(51) + ¥a(s1, s2)f2(52), (5.16)

where the new functions are given by

0,0
f(s1,82) = F(sl,sz)_l%,
5.17)
0,0 0,0
Sfils1) = Fl(sl)—l%l), folsa) = FZ(SZ)_pl(s2 )

5.3. Common jumps

Here we consider the compound Poisson model with common jumps/shocks described in
Section 4.3. Importantly, (4.1) is only satisfied if both

Ci =rjcj and 6,- = C_]j/rj (5.18)

for some i # j. Hence, apart from this case the probability p;(u, v) is continuous.

Proposition 5.3. Consider X defined in (4.5), where A >0 and the means pw; =c; — A/q; —
Ai/qi < O satisfy (A2), but (5.18) is not true for both i # j.

o Ifr1/q, > 1/q, and ra/q, > 1/q;, then the following kernel equation is satisfied:

Y(s1, $2)F(s1, 52) = ¥1(s1, $2)F1(s1) + ¥2(s1, 52)F2(s52)
ri+s1(ri/q — 1/g2) r+s52(r2 /g, — 1/g,)
F
(rira —1)/q ) a1 2 ( (rirn—1)/q,
+Ys(s1, s2)F1 (q2/r2) + Ye(st, s2)F2 (q1/r1) + Yolst, s2)p1(0,0), (5.19)

+ ¥3(s1, $2)F1 (
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where  is given in (4.6) and

[ (/8 = 1) (r2/ = /@) (1 +1/8) +52/) + 11 G+ 12/~ 2/ @13) |

Yolsy, $2) = — (L+s1/g1 +52/3) (1 + (r1/3y — 1/@2) s1) (r2 + (r2/32 — 1/4,) 52)
Yilsi, s2)=c2 — - _ M _ _ _ r2/q2 ’
(L+51/q1 +52/2) (1= (r2/q2 — 1/q1) s1) (1 +52/q2)(1 = r251/q2)
Ya(st, s2)=c1 — — - /a1 _ _ _ A/ ’
(U +s1/q1 +52/@2) (1= (/@1 = /@) 2) (1 +51/q1)(1 = ris2/q1)
Y3(s1, $2) = - - */% - _ ’
(1+51/gy +52/@2) (1 = (/G2 — 1/41) 51)
Valst, $2) = — — /4 - _ ’
(1+s1/q +52/2) (1= (r1/@1 = 1/32) 52)
Ys(s1, 52) = *2/42 ,
<l +sz/q2)(1 —rzS1/qz>
Ye(s1 /41

= <1 +51/611)(1 - r152/Q1>.

o Ifr1/q, > 1/q, and ra/q, < 1/q;, then the following kernel equation is satisfied:

Y(s1, $2)F(s1, 52) = Y1 (s1, $2)F1(s1) + ¥2(s1, $2)F2(s52)
7 —1/g 1= (r/g, —1/7
F s, (VDY) L, (L2 R Va)s
(rir2 — 1)/qy (rirn—1/q,
+ ¥s(s1, s2)F1 (q2/12) + Ye(s1, $2)F2 (q1/71)
+ Y761, $2)F2(1/(r1 /Gy — 1/32)) + o(s1, 52)p1(0, 0),

where r is given in (4.6); Y1, Y2, V3, ¥s, and Ve are the same as above; and

Arir — 1)/33

VOt 8 = T+ 52@) (r + (/s — Van)sn) (1 — (/s — 1/ar)s1).
Ya(s1, 2) = — — a — — ,

(14 51/q, + 52/32) (r1 + (r1/G1 — 1/d2)s1)
oG5t 52) = /g, — 1/3,)

(ri+ (ri/q1 — 1/g2)s1) (1= (r1/q1 — 1/g2)52)

o If r/q, <1/q, and r2/q, > 1/q,, then the kernel equation coincides with that for the
previous case with the indices changed correspondingly.

The derivation is tedious and thus is postponed to Appendix A. It is based on the analysis of
all the non-negligible scenarios on the infinitesimal time interval [0,k] and the strong Markov
property. Then we take transforms and the limit as 4 | 0, which are followed by lengthy alge-
braic manipulations. It is important here that the probability p; is continuous as mentioned
above.

Note that the kernel equation (5.3) follows immediately from (5.19) by taking A =0, where
every case can be used, since the g; are arbitrary.
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5.4. Derivation of the Brownian kernel by approximation

The proof of (5.11) is based on the approximation in Section 4.3.

Proof of Proposition 5.2. Let us choose the approximating models as specified in Lemma
4.3, and consider the sequence of kernel equations in (5.19). Importantly, we can always avoid
the degenerate case in (5.18) for each n; in addition, considering here, for the sake of brevity,
only the case when ryo] > 02 and 07 > o1, we can also choose the approximating parameters
so that ry /_(n) > 1/_(") and rg/_(") > l/_(").

Now we recall that w(")(sl, §2) — ¥ (s1, 52), and by Theorem 4.1 and the dominated con-
vergence theorem, we have F(”)(sl, s7) — F(s1, s7) and F}")(s,-) — Fi(s;) fori=1, 2. Also, it
is easy to check that

2 2
o o
1#(()")(31, §2) = —po102 + L (—1 + —2> ,
2\ nm r
1 . -
w( )(sl, §2) — Wi + 20 ( r,s]) + po102s), (i, )=(1,2) or (2,1).
Furthermore,
o w (1@ +51(na"/@" = 1)\ _ po rin-—1
Y3 (81, s2)F - —= - ——pi(0,0),
rirp—1 2 r1
(n) =(n) 2
r —I— s, o —1
w(”)<s1,sz>F§”)< 24" +salroal )) 20 0,0),
rirp—1 2 r2

and

1

Y51, 2)F (qg”/rz) —~ 5= )o3rapi 0. 0)
1

v 51, 52F2 (¢ /r1) = 5(1= p)otrip (0, 0).

Combining the obtained values we arrive at the stated result. All other cases can be
considered in a similar way and lead to the same kernel equation. (]

6. Explicit solution for the Poissonian model

In this section we solve the kernel equation (5.3) by establishing an explicit integral expres-
sion for the Laplace transform F(s) (see Theorem 6.1 below), with F(s2) being analogous.
Additionally, in Corollary 6.1 we determine p1(0, 0), the probability of total domination start-
ing from the origin, and in Lemma 5.1 we find a simple formula for F(g2/r2, q1/r1). It would
be interesting to understand whether this formula can be explained by a direct probabilistic rea-
soning. We also obtain the asymptotics of p;(u, 0) and p1(0, v) as u, v — o00; see Proposition
6.1. We adapt the analytic method from [11] which relies on the following steps: study of the
kernel v, analytic continuation of F'| and study of its singularities, formulation of a boundary
value problem (BVP) and its solution.

Without stating it explicitly we assume in the following that our parameters satisfy the
conditions of Proposition 5.1.
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6.1. Study of the kernel

Consider the kernel ¥(s1, s2) given in (5.2). The basic idea is to consider its zeros, and so
we define the bi-valued functions S| and S such that

Y(Si(s2),52)=0 and (s, S2(s1)) =0.
To do so, we remark that ¥ (s, s2) =0 is equivalent to
a(s1)s3 + b(s1)sz + c(s1) =0
where
a(sy) == sic2 + 241, b(s1) = sic1 +s1(c1q1 + c2g2 — A1 — A2) — Aaq1 + 2241,
c(s1):= sie1qa +s1(=rg2 +c19192).
We also note

d(s1) := b2(s1) — 4a(s1)c(s1),

which is a fourth-degree polynomial with roots denoted by x1, x2, x3, x4. Similarly we define
d, b, C, d, and let y; be the four roots of d. Then we have
_ —b(s)) = VdGs1) _ —blsy) = Vd(s)
Sas))i= ——————— and Si(2)i= —————.
2a(s1) 2a(s2)

The branch points of S, are the points x; and the branch points of S; are the points y;.

Lemma 6.1 (Branch points). The polynomial d(sy) has four real roots x;, which satisfy

—q1 <x1 <x <0< —q1++/A1q1/c1 <x3 <Xx4.

The polynomial d is then negative on [x ,Nxz] U [x3, x4] and positive on R\ ([x1, x2] U [x3, x4]).
The same result holds for the roots y; of d.

Proof. First, remark that for all s; € (—oo, —q1]U [0, A1/c1 — q1] we have —4a(s1)c(s1) >
0 and then d(s1) > 0 (since the roots of b are different from —gq, 0, A;/c; — ¢q1). For
s1 €(—q1,0)U(r1/c1 — q1, 00) we have —4a(s1)c(s1) < 0. We denote by xT the two roots
of b and remark that —g; <x~ <0< Xi/c; —q) <xT, so that d(xt) = —4a(x)e(xt) <
0. Additionally, we have d(s;) — 400 as s; — +00. Now we conclude by applying the
intermediate value theorem and noticing that —q; + /A1q1/c1 < x™. O

By Lemma 6.1, d(s1) is positive for s1 € [x2, x3], and on this interval we can take the usual
square root d without sign ambiguity. We define +/d as the analytic function on the cut plane
C\ ([x1, x2] U [x3, x4]) which coincides with the usual square root of d on [x7, x3]. We denote
by S;‘ the branch of the bi-valued function S, which is equal to (—b + Vd) /(2a) and which is
analytic on C \ ([x1, x2] U [x3, x4]). We denote by S, the other branch. See Figures 4 and 5 to
visualize these functions on R. In the same way, we denote by S;r and S the two branches of
S1 which are analytic on C\ ([y1, y2] U [y3, ya]).

For further use, we define the curve

~b(y) £ iy/—d(y)

Cr:= S{(lys. yal) = 2a(y) 1y €lys, y4]} :
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\j 82
Y1 e

vl SF(s)
Ty xy T3 <4
—_— %4
o2 81
0 Sy (a1)

FIGURE 4. General shape of the curve {(s1, s2) € R2: ¥ (s1, s2) = 0} divided into two parts: the function
S, (blue) and the function S;r (red).

S5 (s1)

S5 (s1)]

T -'1'2.; yo! To 381

FIGURE 5. Zoom of Figure 4: the branch points x; and y; are in black, and the points xp and yg are in
green.

This curve will be the boundary in the BVP established in Section 6.3.

Lemma 6.2 (The circle Cy). The curve Cy is a circle with centre at —q and radius ./ AUy

C1

Proof. By definition, if s; € Cy, then there exists s € [y3, y4] such that ¥ (sq, s2) =0, and
we also have 57 € C; and (51, s2) = 0. This implies that ¥ (s, s2) = ¥ (57, s2); that is,

AMqi _ Mg
c181 + a =cC1851 + — a .
s1+q1 s1+q1
Then we find that
ALq1
st +q1* = =——.
c1
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FIGURE 6. Complex plane of the s; variable: the branch points x; and the cuts on the complex plane are
in blue, while the circle C; and the domain D; are in green.

We deduce that C; is included in the circle with centre —g; and radius . Furthermore, as

rig1
cl
Sf(yi) =87 (i), this implies that Cy is a closed curve, which concludes the proof. O

In fact, we may choose the interval [y, y;] instead of [y3, y4], since C; :ST([yl, ya2]).
Finally, we define the domain

Alq1
Dy = {sl E(C:|S1+q1|2>c—q},
1

which is the complement of the disc defined by the circle Cy; see Figure 6. We deduce from
Lemma 6.1 that x3, x4 are in D and that x{, xp are not.

6.2. Analytic continuation and asymptotics

The goal of this section is to analytically continue F; to the domain D; and to study its
singularities in order to compute the asymptotics of pj(u, 0) and p;(0, v); see Proposition 6.1.

Lemma 6.3 (Analytic continuation). The function F1(s1) can be meromorphically extended to
the set

{s1 € C:Ms; > 0 or RSF (s1) > 0}

thanks to the formula

Vo (s1, S5 (s1)) [Fa(qr/r1) — F2 (S (s»))] — Fo

6.1
Y1 (s1, 85 (s1)) ©D

Fi(s1) =Fi(g2/r2) +

The analogous result holds for F.

Proof. We are going to use the principle of analytic continuation. The Laplace transforms
Fi(s) are analytic on {s € C: is > 0}. According to the kernel equation (5.3), for s; and s, with
positive real parts and such that ¥ (s, s2) = 0 we have

0=11(s1, s2)(F1(s1) — F1(q2/r2)) + ¥2(s1, s1)(Fa(s2) — Fa(q1/r1)) + Fo.
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FIGURE 7. Representation of the s;-complex plane: the domain D := {s; € C: E)QS;'(sl) > 0} is in yellow;
the red curve is the set {s; € C: §RS;'(S1) = 0}. The red dotted curve is the set {s1 € C: )S, (s1) = 0} (note
that we do not use this curve).

When s; — 0 for 51 > 0 we have S;'(sl) — ﬁ—; — g2 =0 > 0. Thus the open connected set
D: {s1 E(C:.‘HS;'(sl)>0}

intersects the open set {s; € C: sy > 0}. For s; in this intersection the equation (6.1) is satis-
fied. Then, defining F(s1) as in (6.1), we meromorphically extend F to the whole of D thanks
to the principle of analytic continuation. See Figure 7 for an illustration of the domain D. [

Lemma 6.4 (The domain D). The set D is included in {s; € C:Ns; >0 or mS;’(sl) > 0},
and F is therefore meromorphic on D;.

Proof. 1t is enough to show that D N {s; € C: Ns; < 0} is included in the domain D. See
Figures 6 and 7 to visualize these sets. By definition, if s; € C;, we have S;‘ (s1) € [y3, y4] and
then ERS;F (s1) > 0. We deduce that the circle C; is included in D. Furthermore, remark that

c
SfGs1) ~  ——si,
[si|—>00 €2
which implies that when s is large and such that fis; < O we have SRS; (s1) > 0. The maximum
principle applied to the function S; (s1) implies that SRS; (s1) is positive on the set D1 N {s1 €
C: 91 < 0}. We conclude using Lemma 6.3. O

Let us recall that x, and y, are the roots defined in Lemma 6.1.

Lemma 6.5 (Poles of F| and F»). The polynomial
P(s1) := (51 — q2/r2)(s1 + q1)(r2c2 — 1) + Aa(s1 + q1) + A1(s1 — q2/r2) (6.2)

has two real roots s’f €(—q1,0) and?‘;7 when ryco — ¢1 # 0 and one real root S‘T €(—q1,0)
when ryco — c; =0.

The meromorphic function F|(s1) has at most two poles in {s1 € C: sy > 0 or E)?S;(m) >
0}, which are 0 and 5117 :
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o 0 is always a simple pole of F1;
° 5}1’ is a (simple) pole of F if and only if yr| (xz, Szi(xz)) <0.

Furthermore, Fy has no poles in Dy and is analytic on this set.
In the same way we define 3127 € (—q2, 0), which is a (the only) pole of F> if and only if

¥ (ST (), y2) <O.

Proof. The function F1 is initially defined as a Laplace transform which converges on {s; €
C : Ms; > 0}. Thus, F has no poles on this set. The limits in Theorem 3.1 imply that Fl0+)=
1 (and f’2(0 +)=0), and we deduce that O is a simple pole of F| (and that O is not a pole of
F7). The analytic continuation of F is obtained thanks to the formula (6.1). Therefore, the
only poles of F1 come from the values of s; having negative real part such that

Y1 (s1, S5 (s1)) =0.

First, we show that the following system has three solutions: 0, s[; s and?f. We have

(- ) rele ) =
) Cl1 — S cy) — =V,
{W(Sl, 52)=0, N "\ q1+ 51 2\ q+ s

Vi(s1, 52) =0, _halin—q)
(g2 + 52) 92 '
Al car
51 <<01 - )+S2_ =0, s1P(s1) =0,
q1 + 81 q2
A < A2q2
292 Sp=—""""——4g>2,
52 = 92 c2(q2 — s172)

T ol —sin)

where P(s;) is a second-degree polynomial defined by (6.2). Notice that

Al A2
PO)=qig2|c1———n|c——]]>0,
q1 q2

which is positive thanks to the assumption (A2) (where u; = ¢; — A;/q;), and that
P(=q1)=—x1(q1 +q2/r2) <O0.

We deduce that the two roots of P are real and that one of them, which we denote by sf )
satisfies —gq < s’l7 < 0 and then s’f ¢ D;1. We have that s’; is a (simple) pole of F if and only
if Y1 (s, S5 (s))) =0, ie. ¥ri(x2, Szi(xz)) < 0; see Figure 8 for a geometric representation.
We now show that the second root of P, denoted by E’f, is not a pole of Fi. Firstly, this is
clearly the case when E’l’ > 0. Secondly, ?1’ < —¢q1 <0 is not a pole of Fp, because we have
Y1 (3], 85 (7)) =0, but ¥ (5, S5 () # 0; see Figure 8 for a geometric representation. [

https://doi.org/10.1017/apr.2022.2 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2022.2

Probability of total domination 27

S2

Yo

oF
5

FIGURE 8. The curve 1 (s1, s2) = 0 and its intersections with the curve ¥ (s, s2) = 0 are shown in green.
In this case, ¥ (xz, S;E(xz)> > 0, and then 511’ is not a pole of Fi.

Our next result establishes the rate of decay of p>(u, 0) =1 — pi(u, 0). It is noted that the
analogous result holds true for p;(0, v) as v — oo.

Proposition 6.1 (Asymptotics of domination). The asymptotic behaviour of p1(u, 0) as u — oo
is given by

T iy (. ST () <0,
1—-pi(u,00~C u-rem if Y1 (x2, Szi(xz)) >0,
u"3eif (1, S5 (1) =0,

for some constant C which depends on the case, where sllj is defined in Lemma 6.5.

Proof. The asymptotics of a function derives from the largest singularity of its Laplace
transform; see for example [9, Theorem 37.1]. Assume that f(«) is a function, L(s) is its Laplace
transform, and a is the largest singularity of order & (i.e. in the neighbourhood of a the Laplace
transform F behaves as (s — a) % up to additive and multiplicative constants). Then apply the
theorems stating that f(u) is equivalent to ¥~ !e¢™ up to a constant as u — oo.

The Laplace transform of interest is 1/s; — F1(s1). By Lemma 6.5 the point O is not a
singularity, whereas 511’ is a simple pole and the largest singularity of Fy if ¥ (x2, S;E (xz)) <0.
In that case the asymptotics is given by Ce"™1 for some constant C. When ¥ (x2, 52jE (xz)) >0,

the largest singularity is the branch point x,. Thanks to the definition of S;r and the analytic
continuation formula (6.1) we obtain for some constants C; that

Ci+ Co/si —x2+O0(s1 —x2)  if ¥y (x2, 55 (x2)) > 0,
Fl(sl)slz C

—>X2

=T i1 12, S5000) =0

The result now follows. O
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G\ =11
X—Jr
u = - ‘ x 1
4"-}-1'-:-—-.—’
b

FIGURE 9. The conformal gluing function w is one-to-one from Dj to C \ [—1, 1].

6.3. Boundary value problem and its solution

We are now ready to establish a BVP satisfied by fi defined in (5.8). It is a Carleman
homogeneous BVP which relies on the domain D; and the boundary C;.

Proposition 6.2 (BVP). The function fi satisfies the following Carleman BVP:
(i) fi(s1) is analytic on Dy;
o Fory
(ii) limg, o0 f1(s1) = =—— — F1(q2/r2);
Fo q2

(iii) f1 satisfies the boundary condition

fiGD) =G(snfi(s1), Vs ely,

where

G(s1) = %(sl,szﬂsl))%(ﬁ, 55 (s1)). (6.3)

Proof. Ttem (i) directly derives from Lemma 6.4 and Lemma 6.5. Item (ii) comes from
the fact that the Laplace transform F; converges to O at infinity. Item (iii) comes from the
kernel equation (5.7). For s; € C;, we have 57 € C; and S;(sl) = S;(ﬂ). We evaluate (5.7) at
(s1. 85 (s1)) and (57, S5 (s1)) and obtain the two equations

{0 = Y1 (s1. S5 (SD)fils1) + ¥ (s1, S (sD))A (ST (1)),
0=v1(51. S5 (sD)f1GD) + V2 (51, S5 (s1))2 (S5 (s1))-

Eliminating f> (S;' (sl)) from these equations gives the boundary condition (iii). O

To solve the BVP on D; we need to introduce a conformal function which glues together
the upper part and the lower part of the circle C;. This gluing function is a simple rational
function and derives from the kernel. See Figure 9 to visualize the gluing function.

Lemma 6.6 (Conformal gluing function). The function

1( s1+q1 +m>

= = 6.4
W) vAqi/cl s1+4q1 ©H

2
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FIGURE 10. Plot of % (sl, S;(s1)> when s lies on C;. Left: g2 /rp € Dy and x = 1; right: g2 /12 ¢ Dy
and x =0.

satisfies the following properties:

(i) w is holomorphic in Dy and continuous on Dy;
(ii) w is one-to-one from Dy to C\ [—1, 1];
(iii) w satisfies the boundary property

w(s1) =w(s1), Vsielr.

Proof. Recall that s € Cy if and only if |s| +¢1]* = % The three items are derived by
means of straightforward calculus. O

We write C;” (resp. C f‘) for the half-circle defined by the intersection of C; and the half-plane
of negative (resp. positive) imaginary part; see Figure 9. The circle C; and the half-circles Cft
are oriented counterclockwise.

To solve the BVP we need to compute the index, which is defined by

1 1 v
X = E[arg G(Sl)]cl— =5 [afg w_;(sl’ S;(n))]

The index represents the variation of the argument of G(s1) when s lies on the half-circle C;,
that is, the difference between initial and the final value when the argument varies continu-
ously along the half-circle. The second equality comes from the definition of G in (6.3). Thus,
equivalently, it is also the variation of the argument of v/ /4> around the circle C;.

C

Lemma 6.7 (Index). The index x is given by

0if g2/ < —q1 + /A1q1/c1 < fi has no zeros in Dy,

X= (6.5)
1if g2/r2 > —q1 + ~/A1q1/c1 < fi1 has one zero (q2/r2) in Dy.
Proof. Consider the curve %(sl, S;‘ (sl)) when s1 lies on C;. This curve is numerically

plotted in Figure 10 in both cases of interest. Let us denote by A = %(—ql —VMqi/ct, ys)
and B= %(—ql + V/A1q1/c1, y3) the image under % of the two real points of C;. Analysis
of the equation defining this curve shows also that there is another double real point, which we
denote by C.

We can show that A and C are always positive. On the other hand B < 0 if and only if
q2/r2 > —q1 + /A1q1/c1. The last property comes from the fact that the line s; = g»/r> is the
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asymptote of the hyperbola ¥ (s1, s2) =0, and the position of the point (—g1 + +/A1g1/c1, ¥3)
with respect to this asymptote determines the sign of B. Now we see that when g2 /12 > —q1 +
/A1q1/c1, the curve of interest makes a positive turn around the origin, i.e. x = 1. In the other
case, B > 0 and the curve makes no turns around the origin, i.e. x =0.

Alternatively, one may start by noticing that by the boundary condition of
Proposition 6.2,

X= 5 1 [a fiGs1)
fl(Sl)

where Zp, (f1) is the number of zeros (counted with multiplicity) of the meromorphic function
f1in Dy U {co} and Pp, (f1) is the number of poles (counted with multiplicity) of fi in Dy U
{oo}. By Lemma 6.5, the function fi has no poles in D; U {oo}, so that x > 0O; it then remains
to analyse the zeros of fi, remembering that f1(g2/r2) = 0. O

~1
]c =5 [arg fi(sD)]e, = Zp, (f1) = Pp, (f1).

We are now ready to present an explicit integral expression for Fj. The analogous result
holds for F, and thus we obtain an explicit expression for F' via the kernel equation. Recall
that G is defined in (6.3), w in (6.4), Fy in (5.5), and Fy in (5.8), and that y is given in (6.5).

Theorem 6.1 (Explicit expression for F1). The Laplace transform F is given by

Fo 1 Fo ry
F1(S1)— ~ — + ~— —Fi(q2/r) ) X(s1)— 1), Vs1€Dy, (6.6)
Fos Foq
where
(W) = wlga/r)\* 1 w(1)
X(s1):= <—w(sl) 1 > exp <_2i7r /;1 log (G(t))—w(t) — w(sl)dt) (6.7)
and

Filqa/r) = 0r2+F0 (1(1 r2>+ 1 )
1g2/1r2) = ~ =
Fog2  X(xo) \Fo \xo V1(xo, 0)
Let us provide some comments. Firstly, the given expression is valid for real s larger than

JA1g1/c1 —q1 > 0. Secondly, we may replace the integral on the half-circle of log G by the
integral on the whole circle of log ¢ , since

e Vi s ) @
/cl e OO en ' = fcl o <wz 5 ))) Wi —won)

This theorem establishes the existence of the unique solution of the kernel equation under
the limit conditions found in Theorem 3.1. The uniqueness derives from the solution of the
BVP and the value of the index. The same remark can be made about Theorem 7.1.

Proof of Theorem 6.1. To solve the Carleman BVP of Proposition 6.2 we are going to
transform it into a Riemann BVP using the conformal gluing function w. See, for example,
[11, Section 5.2] for a brief presentation of the main results of BVP theory. We consider the
function

i) = @ —w(ga/r) " fi ow™ ().
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According to Proposition 6.2, Lemma 6.6, and the fact that fi(g2/r2) =0, we have the
following:

6)) }1 is analytic on C \ [—1, 1];

i) Fi) ~x 0 (B2 = Fi(ga/r);

(iii) ]71 has left limitsffr and right limitsff on [—1, 1] which satisfy the boundary condition

fiF 0 = Gof )

with G(x) := G((w™")” (x)), where we denote by (w!)~ the right limit on [—1, 1] of

wl: see Figure 9.

The function

1 /1 log G(u)

2im J_1 u—x

X(x):= (x—l)Xexp< du), vx¢C\ [0, 1],

satisfies the homogeneous problem
X*@=G6wX (0, VYxelo, 1],

where we write X (resp. X ~) for the right (resp. left) limit of X on [—1, 1]. This is a classical
result of BVP theory stemming from the Sokhotsky—Plemelj formulas; see [11, (5.2.24) and
Theorem 5.2.3]. We deduce from (iii) that

fl ()—f1 ), Vxelo,1].

From (i) it follows that % is analytic on the whole of C. Thanks to (ii) and to the fact that
X(x) ~oo XX (by Lemma 6.7 and since the integral in the exponential goes to 0 when x goes to

f|

infinity), we find that the analytic function 3 converges to ~‘—’r—2 — F1(q2/r2) at infinity. Thus

it coincides with this constant, and so

fils) = <—OE —Fi (Q2/r2)> (w(s1) — w(ga/r)) X(w(s1)) =

For
= <~—— — Fl(qz/rz)> X(s1),
Foq

where the last equality follows by the change of variable u = w(z). Now (6.6) follows from the
definition of f in (5.8).

We now compute the constant F1(g2/r2). Equation (5.6) gives
Fitx) = Filqa/ra) = ———2

1(x0) — Ii(q2/ ) = ———,

V1(xo, 0)

whereas (6.6) implies that

Fo(1l n Forp
Fi(xo) = Fi(q2/r2) = = (— - —) + (~—— - F1(¢]2/F2)> X(xo),
Fo\xo ¢ Fo q2

which readily yields the stated expression for F(ga2/r2). O
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We conclude by providing an expression for the probability of total domination when
starting from the origin.

Corollary 6.1. The probability of total domination when starting from the origin is given by

F F A
p1(0,0)= =2 — (~—°’"—2 - F1(42/V2)> vha/a / log (GOW (dt.  (6.8)
Fo Fo g2 i cr

Proof. We deduce from Theorem 6.1 that

) Fy For .
p10,0)= lim s1F(s1)) ==~ +|~=— —Fi(g2/r2) ] lim si(X(s1)— D).
§]—>00 Fy Fo g2 51— 00

Let us notice that when s; — 00, the integral in the exponential of (6.7) is equivalent to C/sj,
where

C:=

STy ge——
Cr

From the Taylor expansion of X we obtain X(s;)=1+ C/s; +o0(1/s1), and the result
follows. O

7. Explicit solution for the Brownian model

In this section we solve the kernel equation (5.11) for the correlated Brownian model. We
obtain an explicit integral expression for F; and the probability p;(0, 0) in Theorem 7.1. The
asymptotics of p1(u, 0), u — 00, is given in Proposition 7.1. We follow the same steps as in the
Poissonian model studied in Section 6; consequently, some details will be omitted. Importantly,
the kernel v is similar to the one studied in [2, 14], and so its various properties can be taken
from there.

Without stating it explicitly, we assume in the following that our parameters satisfy the con-
ditions of Proposition 5.2. In particular, the correlation is non-negative: p € [0, 1). We stress,
however, that the main parts of the following analysis can be carried out also for p < 0, and so
the remaining hurdle is to show that the same kernel equation holds in this case as well.

7.1. Study of the kernel
Again consider the kernel in (5.11), and define the bi-valued functions S; and S such that

Y(S1(s2), 52)=0 and (s, Sa(s1)) =0.

A direct calculation yields the branches

. —(po102s2 4+ 1) £ (/530705 (0> — 1) + 25201 (11 po2 — p201) + pi

ST(s2)= 5 ,
91

N —(po102s1 + p2) £ /sioto5 (p? = 1) + 2s102(n2p01 — w102) + 43

S5 (s1) = 3 .
)
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FIGURE 11. The set {(s1, s2) € R?: Y (s1, s2) =0} is an ellipse divided in two parts: the function S, (in
blue) and the function S;' (in red). The two lines are the sets defined by ¥; = 0 and ¥, = 0. The branch
points x* and y* are in black, the points xy and yq in green, and the pole ST in orange.

The respective branch points of S; and S5 are

2
1190102 — w202 £ (1190102 — u20?)? + oo (1 — p?)

ooy (1 —p?)

y:I:

’

2
R2po10n — pios & \/(M2p(71<72 —m03)" +udotoi (1 —p?)

ooy (1 —p?)

x*

The functions Sf (resp. S;E) are analytic on the cut plane C\ ((—oo, y"]U [yT, c0)) (resp.
C\ ((—o0, x"]U[xT, 00))). See Figure 11 to visualize S;t on [x~, xT].

Recall the definition of xg, yo in (5.13). Furthermore, we define s’f as the first coordinate of
the other intersection between the ellipse ¥ = 0 and the line ¥/; = 0. Symmetrically we define
s5. We have

2(r1|p1] = lmal)

p._ __ Anlml=lmb
L o2 +022 -2
b 171 PO1021

s <0 and s:=—
of + o515 —2p010212

<0. (7.1

See Figure 11 for a geometric interpretation of xg, yo, and s[f .
We now define the curve

Hi:= Sy(y", 00N ={s1 € C: y(s1, :2) =0 and 52 € [y*, 00)).

This curve is the boundary of the BVP established in Section 7.3.

Lemma 7.1 (The hyperbola #1). The curve H, is a branch of a hyperbola that is symmetrical
with respect to the horizontal axis, whose equation is

2.2

o[ 05 (p2

- 1)x2 + plofogy? — 2(022M1 — PO1o2U2)X = i (022M1 - 2,00102M2)/012-

The curve H, is the right branch of the hyperbola if p <O, the left branch if p >0, and a
straight line when p = 0; see Figure 12.
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(b) (c)

H, Hi

p <0 p=0 p>0

FIGURE 12. Complex plane of the s variable, with the hyperbola H; and the domain G; in green.

Proof. See [14, Lemma 4] or [2, Lemma 9] which study a similar kernel and derive the
equation of the hyperbola. (|

We denote by H| the part of H; with negative imaginary part. Finally we define the domain
G which is bounded by | and contains x™ (and not x™); see Figure 12.

7.2. Asymptotic results
Similarly to Section 6.2, we meromorphically continue f; and study its poles in order to
compute the asymptotics of p;(u, 0) and p(0, v) when u — oo and v — oo.
Lemma 7.2 (Analytic continuation). The function F(s1) can be meromorphically extended to
the set
{51 € C: sy > 0 0r RS (s1) > 0} (7.2)

thanks to the formula

— ¥ (s1, S5 (1)) F2(S5 (s1)) — cp1(0, 0)

Fiesn= Vi (s1, 85 (s1))

(7.3)

The domain G| is included in the set defined in (7.2), and F is therefore meromorphic on G.

Proof. The proof follows the same steps as the proof of Lemma 6.3 and Lemma 6.4. See
also [14, Lemma 5] to show the inclusion of G; in the set defined in (7.2). U

Lemma 7.3 (Poles of Fy). F| has one or two poles in the set defined in (7.2):

e 0is always a simple pole of F1;

. s’f is a simple pole of F if and only if yr| (x_, S2i(x_)) < 0, where s[f is defined in (7.1).
F5 has a unique simple pole, which is sg if Yo (Sf(y_), y_) < 0; it has no poles otherwise.

Proof. The proof follows the same steps as the proof of Lemma 6.5 (but is simpler). The
poles come from the zeros of the denominator of the continuation formula (7.3), that is, the
zeros of (s1 , S;’ (s1 )). It is the intersection between a line and an ellipse; see Figure 11. [
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Proposition 7.1 (Asymptotics of domination). The asymptotic behaviour of 1 — p1(u, 0) as
u — 00 is given by

e if Y1 (v, ST()) <
L= pi(u, 0)~C {u 2™ if yry (x~, S5 (x~ )>0,
u 2e" if ¥ (x Si(x ) =0,
for some constant C which depends on the case, where sp is defined in (7.1).

Proof. The singularities (poles and branch points) of F| are known from Lemma 7.3 and
Equation (7.3). The asymptotics derives from standard transfer theorems as in the proof of
Lemma 6.1. 0

7.3. Boundary value problem and its solution

We state a homogeneous Carleman BVP satisfied by the function f; defined in (5.17).
Proposition 7.2 (BVP). The function f| satisfies the following Carleman BVP:

(i) fi(s1) is analytic on Gy;

(it) limg, o0 f1(51) = 0;

(iii) f1 satisfies the boundary condition on the hyperbola

f1651) = G(sfi(s1), Vs eHy,

where " ’ﬁ
Gls1) = == (s1, 85 (s1)) 5~ (51, 83 (s1) (7.4)
P 1,100 2 67, 57 00).
Proof. The proof follows the same steps as that of Proposition 6.2. (]

Following [13, 14] we are going to define the conformal gluing function which glues
together the upper part of the hyperbola and its lower part. To that end we define for a > 0
the generalized Chebyshev polynomial for x € C\ (—oo, —1] by

T,(x) := cos (a arccos (x)) = % ((x—i— x2 — l)a + (x— Va2 — 1)a> .

Let us also define the angle of the model

B := arccos (—p).

Lemma 7.4 (Conformal gluing function). The function

— Ot +x
Wisi) = T (M) 75)

xt —x—
satisfies the following properties:

(i) W is holomorphic in G and continuous on G ;

(ii) W is injective in Gy;
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(iii) W satisfies the boundary property
W(s)=WGh), Vs et

Proof. This function has already been studied in several papers. See, for example,
[13, Lemma 3.4] and also [12, Figure 3] in the case of symmetric conditions. O

To state the main theorem of this section we define
{1 if 0> SEO),
0 if0<STOM),

1 if g (x~, S5(x7)) <0and 5] > ST (),
K1 =

and kp:=
0 otherwise.

Using Lemma 7.3 we note that « is defined so that k; = 1 when the pole 0 of F is in G, and
k1 = 0 otherwise. In the same way k> = 1 when 511) is a pole and is in Gy, and k7 = 0 otherwise.
Let us recall that W is defined in (7.5), G in (7.4), H| in Lemma 7.1, and ¢ in (5.12).

Theorem 7.1 (Explicit expression for F'1). The Laplace transform F is given by

1
F1(s1) =p1(0, 0) (; + CX(Sl)) . S1E0I, (7.6)

1 I 1 2
X =
G0 (W(Sl)_ W(0)> (W(sl)— W(yf))

xexp (5 / log Giy—2 D4\, a7
P\ W —wen™)
Cim - <i+;) (7.8)
T X(o) \xo | Y10, 0)) :
Furthermore, p1(0, 0) is given by Corollary 5.1 for p =0, whereas for p € (O, %gf_ﬁi) we have
163 (ra — w1 /p2) W2 (ST (), yo0)
p1(0,0)= - = - . ’
(¥ (ST 50), y0) — ¥2(0, ¥0)) — ¥2(0, yo)¥1 (ST (00), yo) (1/57 (o) + CX (ST (00)))
(7.9)
and for p € [%% 1) we have
1
P10, 0)= (7.10)

1+ Climg, 0 51X(s1)

where

_ 1 1 ©
Jim s1X60) = 370, (W(O) — W(s’{))
W'(t)

1
X exp (g /Hl 10g(G(f))mdt>. (7.11)
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Proof. The proof follows the same steps as that of Theorem 6.1 and also that of
[14, Theorem 1]. Solving the BVP of Proposition 7.2 in a standard way, we find that there
exists a constant C” such that

0,0
Fi(s)) = p—l(SI ) L X5y,

We now compute the value of C’. Taking the limit of the kernel equation in (xg, 0) (as in the
proof of Lemma 5.1), we obtain that

0= 1(x0, 0)F1(x0) + cp1(0, 0).
Combining this equation with the fact that
,1(0,0)
X0

Fi(xo) = + C'X(xp),

we deduce that C’ = Cp1(0, 0), where C is defined in (7.8), and we obtain (7.6).
It remains to find p1(0, 0) in the case p € (0, 1). First, it is important to note that Si"(yo) €
G1 N[0, co). The positivity is easy to see because

2 - 2 — )2
SH(v0) = u2001/02 M1+\é( H2p01 /02 — [41) >0,

g

and ST(yo) € Gy, because

+ ] 2
ST(v0) = SFyg) = po1o2(y" —yo) + ;/g,ul U2001/02) >0
i

o211

as y© — yo > 0. We see that Sf(yo) =0 if and only if p > %auu‘

First assume that ST(yo) = 0. We obtain with (7.6)

1= lim s;F1(s1) =p1(0, 0) (1 + C lim S]X(S])) s
s1—0 s1—>0

which gives (7.10). In this case k1 = 1 and we obtain (7.11).

Assume now that ST (o) > 0. As in the proof of Corollary 5.1 we evaluate the kernel equa-
tion at (0+, yo). We get the same (5.15), even though initially the term pojo2 appears on both
sides. The second equation is obtained by using the point (S;r(yo), yo):

0= 1 (5] 30). %0)F1 (ST 5:0)) + ¥2(S7 570). y0) F2(30) + ¢p1(0, 0).

The third equation we need is (7.6) with 51 = Sfr(yo):

Fi(Sf(00)) =p1(0, 0) ( + CX(Sf(yo))) .

ST o)

Solving these three linear equations with the three unknowns pi(0, 0), F2(yo), and
F1(S] (7)), we obtain (7.9). O
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(a) (b)

1.0 1.0

o8 | -~ : 08

0.6 / 0.6

04l 04

0.2 0.2

00— 2 3 4 5 00— 2 3 4 5

Poisson model Brownian model

FIGURE 13. The values of p1(0, 0) computed using contour integrals in green (see (6.8) and (7.9)) and
Monte Carlo simulations in red for a range of r, > 0.5.

8. Numerical illustrations

This section provides numerical illustrations of some of our basic formulas. That is, we
consider p1(0, 0), the probability of domination by the first component when starting at the
origin, for both (i) the Poisson model (see (6.8)) and (ii) the Brownian model (see (7.9)). The
computations were performed using Mathematica and the R programming language. It must be
mentioned that numerical evaluation of the contour integrals involved is not a straightforward
task, and a certain care should be taken with the branches of the complex logarithm and the
square root.

Figure 13 presents plots of p1(0, 0) (in green) as a function of the reflection parameter
ro > 0.5. For both models we take r; = 2.5 and X (1), X»(1) with unit variances and the means
u1 = —1, up = —2. More precisely, in the Poisson model we take ¢y =c» =1, A1 =8, Ap = 18,
q1 =4, g2 = 6. In the Brownian model we take correlation p = 0.2. It must be mentioned that
we use (7.9) and not (7.10), since p < 1/4. Furthermore, the rates in the Poisson model are
rather high, which suggest that the respective uncorrelated Brownian approximation should be
close; see Section 4.3. In fact, the corresponding curve drawn based on the explicit expression
in (5.14) almost coincides with the green curve in Figure 13(a).

In order to check our numerical results, we also perform a Monte Carlo simulation (red
dots). It should be stressed that our simulation involves various sources of errors. Firstly, a
single run is terminated when Y| > 100 and Y>/Y; < 0.1 (at the time of a jump) or the analo-
gous condition is satisfied with the indices swapped. In the first/second case we assume that
the first/second component dominates. The Poisson simulation is otherwise exact, whereas the
Brownian model is discretized with time-step 0.01, so that we reflect a random walk with
the corresponding normal increments. In this regard, it is noted that an approximation result
similar to that in Section 4 can also be established for random walks. Finally, each value
is obtained from 10,000 independent realizations, and thus the 95% asymptotic confidence

interval corresponds to +0.02/p1(1 — p1).
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Appendix A. Derivation of the kernel equation for the Poisson model with
common jumps

Proof of Proposition 5.3. For the sake of brevity, here we consider only the case when
rio1 > o> and rpon > o7; the derivation of the kernel equations for other cases is similar (the
cases with equalities should be considered separately or treated by approximation).

Let A denote the event that the first coordinate dominates the second one. Obviously, for
any u, v> 0 and & > 0 we have

p1(u, v) =P, ) (A) =P ) (A N {X makes at most one jump on [0,k]})
+ P, »)(A N {X makes at least two jumps on [0,4]}).

It is easy to see that the second term is O(h?) = o(h) as h — 0+, uniformly in (u,v).
Now fix arbitrary u, v > 0. Using the Markov property and considering all possible cases
with at most one jump on the time interval [0,%], we obtain

p1(u,v)=(1 - )Lh)(l — )\.]h)(l — kzh)p](u +cih, v+ coh)
(G @G2v)
A1 = ah)(1 = o) / depi (u— /Gy v —x/3,) - ¢
0
qu

+ Ah(1 = A1h) (1 — A2h) / dxpi(u—x/gy +r2(x/qs —v), 0) - e - L {G u > g,v}

q2v

qpv
+ Ah(l — klh)(l — )\.2}1) / dxp; (0, V—X/qy+ 11 (x/c_jl — u)) eI {Z]zv > c‘]lu}

qu

o0
1 2h(1 = k) (1 = hah) f depi (1 — x/G + ra(5/s —v), 0) - e
qqu
x 1 {r1u —Vv> (rl/ﬁl — 1/62)x, qu >¢72v}

0
+)»h(1 — A]h)(l — Azh) f dxpl(O, V—x/qy + 1] (x/ﬁl — u)) e ¥
Qv

x 1 {rgv —u> (7‘2/6_]2 — I/Zjl)x, gV > Z]lu}

o0
+Ah(1—k1h)(l—kzh)/dxp1(0, 0)-e_x-11{(r1/211—1/?12)x2r1u—v, c_hu>312v}

qiu
o0

+ Ah(1 = A1h) (1 — A2h) / dxp1(0, 0) - e (r2/qy — 1/G1)x = rav — u, Gov > qyu}

q2v
qiu

+ Arh(1 = Ah)(1 = Azh) f depi(u—x/q1,v)-e*
0
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+ Arh(1 = Ah)(1 = Azh) f dxp1(0, v+ ri(x/q1 — ) - e~

qiu
q2v

+ A2h(1 = A1h)(1 — Ah) / dxpi(u,v—y/q2)- €™

+ aah(1 = k)1 —Ah)/dxpl(u+r2(x/qz —v),0)-e"
q2v

+o(h), h—0+.

Multiplying both sides by e™*1“7%2V and integrating the result over [0, 0co) x [0, co) with
respect to the variables u and v, we obtain

f/ p1(u, v) - e 2dudv = (1 — (L + A + A2)h) //pl (u+crh, v+ coh) - e S14752dudy

+A( + b+ 13+ 14+ Is + I + I7) + A h(Ig + 19) + Mh(l1g + 111) +0o(h), h—0+.

Noting that

o0 o0
//m(u V) - e T2 dudy — (1 — (A + A + A)h) ffpl(u+clh v+ cph) - e 152 dudy
00

00 czh

f/pl(u y) - e ST Szvdudv—f—//pl(u V) - e T2V dudy

crh coh cth 0

cth oo crth cah

//pl(u V) - e ST 32Vdudv+//p1(u, V) - e STV dydy
0 C2h

_es1c1h+s2c2h/ /pl(u, V) e T2V dydy

crh coh

o0
O+ A _i_kz)heﬂmh%vzczh f /171(14, V) - eSSV 4y dy
crhcoh
=[(A + A1+ A2 —s101 — 5202)F (51, 82) + 2F1(51) + c1F2(s2)] h + o(h),

we conclude that

(A + A1+ A —sic1 — $202)F(s1, 82) + c2F1(s1) + c1F2(s2)

A.l
=M +hLh+L+1y+1s+ 1+ 17) + A Ug + I9) + Ao(L1o + 111). (A1)

To compute I;,i=1, ..., 11, we will repeatedly use Fubini’s theorem and suitable changes of
variables without mention.
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For I} we have

oo (q1)A@GY)

dM/dV f dxpl(u_x/ql’v_x/q2) —X—S|U—S2V
0
qu

,2‘/

ol
[

du / dv / D1 u_x/Q1vV_x/C[2) —X—S1U—82V
0

o o) E
+/d / / dvpi(u —x/Gy, v —x/gp) - e = 41
0 0

q1u/q
However,

q1u/q,

<
St~

00 q

/ du | dv / depi(u = x/q). v —x/G) - eI

0 0
11114/

du / dv/dzpl u—q,(v—12/q, Z) —qx(v—2)—s1U—s2V
0

v

0
00
dV/ dz / dup (u —,v—2/q4, Z) . e~ RV=)=s1u=s2v
0

0v/q
o
dz / dyp1(y,2)- e~ D =)=510+32(v=2)/G1)—s2v

922/q,
00 00

dz /dvpl(y Z),e—(l+s1/§1+sz/5z)§2v+(1+sl/ql)gzz_sly

92/q

d 1 Z) e STz
1+S1/q1+sz/qz/ / PO

922/
Similarly, we have
| 0 §2z/q
I// — — — f dz / dypl(y, Z) . e—S|y—x2z’
YU 4 s1/q) + 52/
0 0
and so
1
I = - F(s1, $2).

L+s1/91 +52/9
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For I, we have

o0
du/d

0
o
dv/ & / dy p1 (3, 0) - e =251 (rv/a—r2 (/3 -v))

Gy n(x/q—v)
0o 00

00
/d /dZ / dyp1(y, 0)- e—(z+r2v)/(rz/ﬁz)—szv—sl (y+§2(z+r2v)/(rzﬁl)—z)
0 0 z

14

” —x/q, + rz(x/q2 - v) ()) . g~ X—S1U—s2Y

\Q\

qv

3

sl

00 y
1

= — — d ,0)- e / e*(qz/errslqz/(rzgl),sl)ZdZ
(1 +51/q, +52/3) 0/ P10y J

_ 1/4, |:F1(Sl)—Fl (1+51/41)1|
(14 51/q) 4+ 52/92) (1 + 51/G1 — s112/35) mn/q; ’

and similarly

B 1/g, [ (1+Sz/qz>]
I = F —F | ———= .
= U rs/a +s@) (4 saigs—sargan) L2~ 2\ Tz

Also, we have

o qu/g (VIM*V)/(I‘]/QI —l/qz)

Iy = / du / dv f dxp1 (u _x/zh + ”2()5/?12 _ V), O) e TN U=y
0 0 ugq,

o qufd  (rirn-D@u/a—v)/@ (n/a—-1/a))

1
—— | d d d ,0
rz/c—zz—l/al()/ ”O/ ' / Yo

ra(qyu/g,—v)

% e—(y—u—i—rgv)/ (r2/§2—1/§1 ) —Sju—sov

o G (n-0/@ (n/a-1/a)

1
- |4 d dy p1(, 0
rz/az—l/alof 0/ : f P10 0)

mnz
o= Ot @ /Gy=2)/ (23— 1/G1 ) =s10-52G1 /Ty =)
o

_ 1/41 / dz &80 7251 @bt 002/ @) 2 [ )

(/3= 1/q) (1 +51/G, +52/32) )

r1r2=02/@ (n /3-1/2:))

) / dypi(y,0)-e 3/(r2/a-1/31)

nz
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oo

1/g, / ~y/(r/a-1/3))
= — = — - dypi(y,0)-e 2
(2/@ = ) (i +2/2) |
y/r2
% dz eﬁz(l—fzfl/§2+SI/§1)Z/(§1 (r2/§2_1/ql))

a1 (r/@—1/2:)y/rn=1)

_ 1/9, [ 1 (1 +Sl/711>
(1 = r2s1/Gy + 51/q)(1 + 51/G1 + 52/7) r2/q»

g (N +s1(r1/q, — 1/42)
: (rir2—1)/q; ’

and similarly

I 1/4, |:F (1+52/712>
s = - - — — 2 —
(1= ris2/qy + 52/32) (1 + 51/G1 + 52/32) "/q

(" +52(r2/qy — 1/94)
? (rir2 — 1)/q, .

Also, for I we have

q114/q2 )

o0
16=/du / dv / dxe T2V p (0, 0)
0 0

(r1u=v)/ (r1/@3~1/2)

(n/a,—1/2) /%
_ P10, 0),
(L+51/q, + 52/32) (1 + 51(r1 /g1 — 1/4)) P09

and similarly
I (/3 — V@) /a3
7= — — = —
(L+51/G) +52/G2) (r2 + 51(r2/32 — 1/G1))

For Ig we have

'pl(ov O)

o0 [e] qu
0 0 0
00 00

=;/‘dy/dvp1(y v)-e_s‘y_”v:;’F(Sl 52)
L+s1/q1 ;o ’ L+s1/q1 ’

For Iy we have

o0 o0 o0
Ig:/du/dv/ dxp1(0, v+ ri(x/q) — u)) - e ¥ 7S14=s2Y
0 0

qiu
00 o0

1
=— [ d /dv 100, v+r1y) - e 52V791Y
1+S1/611.0/ yo P Y
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1 P
=< dvf dzp1(0, 2) - e S2v—q1z=v)/n
ri(1+s1/q1) 0/
v

_ 1/q
(I +s1/q0)(r1s2/q1 — 1)

Similarly, we have

[F2(q1/r1) — Fa(s2)] .

Iio=————-F(s1, 52)
1+52/q2

and

1/q2

I = Fi(q2/r2) — F1(s1)] -
Ey7s Ty ]
Substituting the obtained values of [;, i =1, ..., 11, into (A.1) and multiplying both sides

by —1 finishes the proof. (]
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