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Abstract

We study a space-time Brownian motion with drift B(¢) = (to +¢, yo + W (¢) + yt) killed at
the moving boundary of the cone {(¢, x) : 0 < x < t}. This article determines the parabolic
Martin boundary and all harmonic functions associated with this process. To that end, the
asymptotics of Green’s functions are determined along all directions. We also find the exit
probabilities at the edges, the probability of remaining in the cone forever and the laws of
the exit point and exit time. From this, we derive an explicit formula for the transition kernel
of the process. These results arise from two different methods initially introduced to study
random walks. An analytical approach, developed in the 1970s by Malyshev and based on the
steepest descent method on a Riemann surface, is used to determine the asymptotics of the
Green’s functions. A recursive compensation approach, inspired by the method developed in
the 1990s by Adan, Wessels and Zijm, is used to determine the harmonic functions.

Keywords Space time Brownian Motion - Martin boundary - Green’s functions - Harmonic
functions - Compensation approach

Mathematics Subject Classification (2010) 60J65 - 31C35

1 Introduction

Main process and overview of the results
Let W (#) be a standard Brownian motion, y € (0, 1) a drift, (¢, yo) a starting point such
that 0 < 7o < yp. We define the space-time Brownian motion by

B(t) := (1o + 1, y0o + W(t) + y1). ey

Let the cone
C={{t,y):0<y<t} ?2)

which defines a two-sided moving boundary, and 7 the first exit time of the cone

T :=inf{t >0:B() ¢ C}. 3)
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We also define the exit times on each edge of the cone

Ty:=inf{t>0: B(t)=(tg +1t,t9g+1), t>0} and Tr:=inf{r>0: B({)=(t9 +1,0), t>0}
“
and we have T = T A T».

The purpose of the present work is to determine the parabolic Martin boundary associated
with the space-time Brownian motion killed at the boundary of the cone C (Theorem 10). This
result derives from the asymptotics of Green’s functions (Theorem 4). An explicit expression
is given for all the associated harmonic functions (Theorem 13), that is the positive functions
u satisfying

Q)
u(t,y) =0 for all (¢, y) € 9C.

{(83 +ydy +9)u(t,y) =0 forall (z,y) € C,
We find the persistence probability P*(T = oo) (Proposition 9) and the probabilities of exit
on an edge P“(Ty; < T») and P*(T> < Ti) (Proposition 15) for the process conditioned to
drift in the direction « via Doob’s h-transform. We also compute the laws of T, T}, T> and
of the law of the exit point of the process B(T) when T < oo (Theorem 18). Finally, this
gives a new original approach to obtain the transition kernel of the process killed at time T’
(Corollary 20), which we note

PGy 1= Py o) (B(1) = (1o +1,dy), T > 1). ©)

Proof strategy and structure of the article Section 2 sets out some fundamental analytical
preliminaries for our study. For practical reasons we first transform via a simple linear appli-
cation, the space-time Brownian motion in the cone C into a degenerate Brownian motion
in the quadrant Rﬁ_. Then, we find a kernel functional equation (Proposition 1) connecting
the Laplace transform of the Green’s functions of this new process and the Laplace trans-
form of the exit densities on the axes. Section 3 is devoted to the asymptotics of Green’s
functions. In this section, the key element of the proofs is the application of the steepest
descent method on a Riemann surface generated by the kernel. Section 4 gives a probabilist
interpretation of all the harmonic functions in the cone in terms of the persistence probabili-
ties of some conditioned processes via Doob’s A-transform. Then, the full Martin boundary
is determined. Section 5 is based on a recursive compensation approach used to determine
explicit expressions for the harmonic functions. The minimal Martin boundary is shown to
be homeomorphic to a portion of a certain parabola defined by the kernel. Persistence and
exit probabilities are computed. Finally, Section 6 is dedicated to the inversion of the Laplace
transforms to obtain the law of the exit point and the transition kernel.

Related literature The literature on Brownian motion and moving boundaries is very rich,
from the 1960s to the present day. The study of the crossing probability of the boundary is at
the heart of many of these articles. The boundary can be one-sided or two-sided, depending
on the problems considered. We cannot claim to be exhaustive here and will simply cite a few
articles related to our problem. In a seminal paper published in 1960 [2], Anderson considers
a Brownian motion between two non-parallel straight lines and determines the probability of
crossing one of the two straight lines before the other for a finite or infinite time horizon. In
1964 [43], see [23, page 306-315] for an English version, Skorokhod founds the probability
density of the escape location of a Lévy process that does not cross two parallel straight lines,
which provides the law of the process killed at the boundary. In 1967 [41] Sheep considered
for the first time in the continuous setting a square-root boundary. This type of boundary will
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Martin Boundary of a Space-time Brownian Motion...

subsequently be the subject of numerous studies [32]. In the 1970s until recently Novikov
solved many interesting related issues [37, 38].

There are also links between moving boundary results and Brownian motion in Weil
chambers and reflection groups. For example, Biane, Bougerol, and O’Connell [4] studied
the probability that a Brownian motion with drift stays forever in a Weyl chamber, also called
the persistence probability. Recently, Defosseux [8] studied space-time Brownian motion in
an affine Weyl chamber. Some of the results of this last paper are found again in the present
article using other methods.

Since the seminal work of Martin [35], many books of potential theory [11] and articles
have studied Brownian motion and random walks in cones, the asymptotics of their Green’s
functions, their Martin boundary and the associated harmonic functions. There is also a whole
theory of studying space-time Brownian motion in the study of the caloric measure [45].

In the discrete setting, examples include the work of Malyshev, Kourkova et al. on the
Martin boundary of random walks in a quarter plane [29-31, 34] using a saddle point method
on a Riemann surface generated by the kernel of a functional equation. This powerful tech-
nique used in the present paper has recently been developed with success in the continuous
setting for reflected Brownian motion in wedges or half-planes [13, 18, 19].

In the higher dimensional case, the famous article of Ney and Spitzer [36] computes
the asymptotics of the Green’s function of random walks with drift in Z¢ and shows that
the Martin boundary is homeomorphic to the unit sphere. Many other interesting articles
by Ignatiouk et al. deals with the Martin boundary of random walks in half-spaces and
orthants [26-28]. Denisov and Wachtel study the tail asymptotics for the exit time of a
multidimensional random walk in a cone [9]. Duraj et al. determine the asymptotic of the
Green function for random walks without drift confined to multidimensional convex cones
[12]. Garbit and Raschel study the survival probability of multidimensional random walks in
pyramids [22]. We also mention the article of Hoang et al. on the construction of harmonic
functions in wedges using Boundary value problems [24].

In the continuous setting, several papers study Brownian motion in cones in higher dimen-
sions and we mention a few of them here. De Blassie determines the distributions of first
exit times of Brownian motion in cones and computes asymptotics [7]. Bafiuelos and Smits
study the asymptotic behavior of Brownian motion in cones and express their results with
infinite series involving its transition density [3]. Garbit and Raschel study the asymptotics
of the tail distribution of the first exit time of Brownian motion with drift for a large class of
cones [21].

Finally, we mention the compensation approach developed by Adan, Wessels and Zijm
[1] which is an inspiration for this paper. The recent article of Hoang et al. [25] uses this
method to compute discrete harmonic functions in the quadrant. The paper of Ichiba et al.
[20] also uses this approach to compute the invariant measure of a degenerate competing
three-particle system.

2 Analytical Preliminaries

Killed degenerate Brownian motion in the quadrant A simple linear transformation maps
the space-time Brownian motion B(#) defined in (2) in the cone C onto a degenerate Brownian
motion with drift Z(¢) in the quadrant ]R%_. To that purpose, we define the linear transform £
by

(' y) =" =y, y) and €', y) = (x +y,y).
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Thanks to £ we perform the change of variable
=to+t=x+y.

We denote B(t) = (to +t, yo + W () + yt) = (¢/, Y (¢)) the coordinates of the space-time
Brownian motion. We define the drifted degenerate Brownian motion by

Z(t) = (X@),Y(@) :=L(B())
={o—yo— W@+ U=y, yo+ W)+ yt)
=20+ W() + ut

where W(7) := (—W(t), W(¢)) is a degenerate Brownian motion in R2 of covariance matrix
1 —
= (—1 1
(to — yo, o) € Rﬁ_ the starting point (Fig. 1).
We have £(C) = (]Ri)2 where C is defined in (2). The stopping time 7" defined in (3) is
equal to

and wedenote u := (1—y,y) € ]R?F the positive drift and 79 = (xg, yo) :=

T =inf{r >0: Z(1) ¢ (R%)).

It is the first exit time of the quadrant for the process Z(¢). The stopping times on each of the
boundaries defined in (4) are equal to

Ti=inf{t > 0:Z(t) e {0} x Ry} and T =inf{r > 0: Z(t) € Ry x {0}}
and we still have T = T A T5.

Green'’s functions and exit densities For a set S C (R*Jr)2 we define the Green’s measure
of the process killed at the boundary by

G, () = /Ooo P(Z() € S,t < T)dt.

Let us remark that for S C (Ri)Q we have P(Z(t) € S,t < T) =P(Z(t AT) € §). For a
Borel set S of Lebesgue measure 0, it can be shown by elementary properties of Brownian
motion that G, (S) = 0, the Radon-Nikodym theorem then ensures that the measure G,
has a density denoted by

820 (2)dz := Gzo (d2).

Yo ¢ A 0)

to t o =to— Yo x

Fig. 1 Space time Brownian motion in C and degenerate Brownian motion in ]Ri
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Let us recall that in (6) we noted p](‘t’fvo) (t, y) the transition kernel of the space time Brownian
motion killed in the cone C. It is important to remark that, up to the following change of
variables, the Green’s function of the process Z killed at the boundary of the quadrant is
equal to the transition kernel of B the space time Brownian motion killed at the boundary of
C:
k,C
Playyo) (1> Y) = 8z9(2)  where zg = (fo — yo, yo) and z = (1o +1 — ¥, ¥). (N

One may consult the famous Doob’s book [11, Chap IX §17] which explains how Brownian
Motion transition kernel may be seen as Green functions. The exit measures on the boundaries
are defined for S C Rﬁ_ by

A(S) =PZ(T) e S, Ty <) =Ezmr)eslrn<n),
Ar(S) =P(Z(Th) € S, T» <T1) =E(lzmyesln<t),

and the support of the measure A; (resp. Az) lies on {0} x R (resp. Ry x {0}). We denote
their densities f1 and f> defined as follows

J1()dydo(dx) := Ar(dx,dy), fa(x)dxdo(dy) := Az(dx, dy),

where §¢ is the Dirac measure in 0. One may notice that (fp + T)l7-c = (X(T) +
Y(T)11<oo = Y(T1)17, <1, + X (T2) 17, <1, and we deduce that the cumulative distribution
function of T is equal to Fr(t) :=P(T < t) = A1 ({0} x [0, 10 + ¢]) + A2([0, 10 + ] x {0})
and then f7 the density of T is equal to

fr@®) = fito+1) + folto +1). (8)

Note that to lighten the notation we have not noted the dependence at zg for A, A, f1, f2
and f.

Functional equation Letus define the Laplace transform of the Green’s function for (p, g) €

C? by
o0
L= [[ | soromerioasay g ( [~ ero ).
R2 0

Remembering that Z = (X, Y) the Laplace transform of the exit densities are defined by

o0 o0 )
Li@= [ AWerdy=E (" W1 n). L= [ pwerdr=E (X P, p).
0 0

Once again, we omit to note the dependence at zo for L, L; and L,. One may remark that
L(0,0) =E[T] = oo since P(T = 00) > 0 and

Li(0)=P(T1 <Tz), L0)=P(T» <T1), L1(0)+ L2(0) =P(T < 00).

Proposition 1 (Functional equation) For (p, q) € C? such that Rp < 0 and Rg < O the
Laplace transforms converge and we have

K(p.@)L(p,q) = L1(q) + La(p) — eP*0TP0 ©
where the kernel K is defined by

1
K(p.q) = E(p—q>2+<1 - y)p+vq. (10)
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Proof We denote

g'—l 0 0 2-i-(l )8+ 0 an
T2 \ax  ay y8x y8y

the infinitesimal generator of Z. We apply Dynkin’s formula, for f twice differentiable we
obtain

tAT
Ef(Z@ AT)) =f(Zo)+E/O Gf(Z(s))ds

which can be rewritten
!
E(f(ZE AT <) +Ef(ZE AT <1y) = f(20) + ]E/ Gf(Z(s)Ts<rds.
0
By taking f(x,y) = e”*T4 we obtain

t
E (eqy(tATl)1T|<Tz> +E (er(MTZ)IlT2<T|> = eProtayo 4 K(p,9)E </ e(p’q)AZxﬂs<Tds) .
0

The two expectations of the left-hand side are bounded by 1 since ip < 0 and Ng < 0 and
then the expectation of the right-hand side is also finite. By making ¢ tend towards infinity
and by definition of L, L and L, we obtain the functional (9). O

Study of the kernel and analytic continuation The kernel K (p, ¢) defined in (10) leads
us to introduce four algebraic functions P+, P~, 9" and 0~ satisfying

K(P*(9).q) = K(p, 0 (p)) =0,
analytic on C \ [(1 — y)?/2, 00) for P*, on C \ [y?/2, o) for QF, and defined by

PE(@) ==y —1+q+,/(01-y)2=2q and QF(p):=—y+p+y?—2p. (12)

Thanks to the functional (9) we can now continue L meromorphically to the domain {g €
C: Mg < (1 — y)?/2} by the formula

Li(q) = " @x0Fta0 _ 1,(P™(g)).

We just have to verify that RP~(g) < 0 when 0ig < (1 — y)?/2 and to remember that L,
is analytic in the complex half-plane with negative real part. In the same way, we extend L,
analytically to the domain {p € C : Rip < y2/2}).

PDE and derivative of the Green’s functions Let z = (x, y) € R2. Let us recall that we
defined in (11) the infinitesimal generator G. We now define its dual G* by

1/a a\° ) 9
g*:=5<———> -d-)—-r—

The Green’s function g, satisfies the following classical parabolic partial differential equa-
tion [11, Chap IX §17], denoting &, the Dirac measure in zg € R? we have

{g*gzo = —Jz, on (Ri)z,

(13)
84 =0 on R} x {0} U {0} x Ry.

The following proposition states, in our context, a more general fact that is well known in
potential theory for a killed Brownian motion in a bounded smooth domain. In this generic
case, it can be derived from Green’s representation theorem and from the classical proba-
bilistic solution of a Dirichlet problem.
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Proposition 2 (Exitdensities seen as derivative of the Green’s function) We have the following
links between the Green’s density and the exit densities:

gzo gZO

iy = (x,0).

©,y), falx) =

Proof A weak formulation of the partial differential (13) applied to an exponential test func-
tion leads to a functional equation linking the Laplace transforms of the Green’s function
and their derivatives. To do this, it is enough to integrate the partial differential (13) and to
make successive integration by parts on the integral

/ ) G*g(zo, 2)e¥ Pz = 20 (P9)
R:

Then, defining Zl (q9) = % fooo g%(o, y)e?”dy and symmetrically 7:2( p) we obtain

K(p, )L(p,q) = L1(q) + La(p) — eP¥o+a0,

Comparing this equation with the functional (9), we obtain by identification that Zl =1L
and L, = L, and then we can conclude. m]

Remark 3 (Harmonic functions) A function u(z, y) satisfies (5) if and only if i(x, y) :=
u(x + y, y) satisfies Gh = 0 on (IR”jr)2 and & = 0 on the boundaries R} x {0} U {0} x R.
We say that & (resp. u) is harmonic for the killed degenerate Brownian motion Z (resp. is
harmonic for the killed space-time Brownian motion B).

3 Asymptotics via Malyshev’s Analytical Approach
3.1 Asymptotics of Green'’s Functions

By using the functional (9), inverting the Laplace transform and applying the steepest descent
method, it is possible to compute the asymptotics of Green’s function.

Theorem 4 (Asymptotics of Green’s function and exit densities) Let « € (0, w/2) and z =
(x,y) € Ri_. When z — oo and y/x — tan«a we have

h¥(zo) e v P@.q(@)

8z0(2) ~ /|z| /27 (cosa + sin @)
where the so-called saddle point (p(«), q()) (Fig. 2) is defined by

(14)

(p(a), g(a)) := argmax{pcosa + gsina : (p,q) € RZ, K(p,q) =0} (15)

2 2
(Y 1 O 1
o ( 2 201+ tdnw)Z 2 2(1 +tana)2> (16)

and h* is a harmonic function for the process (i..e Gh* = 0 on Ri_ and h* =0onR x {0} U
{0} x R) defined for a € (0, w/2) by

h(z0) 1= eP@¥0Ta@Y _ 1 (g(a)) — La(p(@)). (17)
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P:K(p,q) =0 @F/2)ax/2)

\
/ \
Fig.2 The parabola P := {(p, q) € Ri : K(p, q) = 0} in blue and the arc of parabola A := {(p(a), g()) :
a € [0, w/2]} C P which parametrizes the Martin’s boundary in red

We also have the asymptotics of the exit densities on the boundaries

B2 (z0) e=4/2) h0(zg) e PO
and fr(x) ~ a0
X—>00 X~ \/E

[y ~ (18)
y—

~ VP i
where we define

h”/z(ZO) — erXo[l(ﬂ/2)+yoq(ﬂ/2) _ L/z(p(ﬂ/z)) and hO(Zo) = yOeXOP(0)+Yqu(O) _ L’l (q(0)).

The proof is done below in Section 3.2.

Remark 5 (4% and 77/2 as derivatives) It should be noted that fore > 0 we have h% — 0 when

a — 0 (it derives from Proposition 9 below). That is why we have defined 4° differently. We

can interpret 40 as the g-derivative of 1% when o > 0 evaluated in ¢(0), i.e. h® = % o
q

A similar remark holds for #7/2.

3.2 Proof of Theorem 4

The proof of Theorem 4 follows the same steps as in [13] and [19]. We will first show
asymptotics for the Green functions g, (14) and then asymptotics for the exit densities f
and f> (18).

From double to simple integral via the residue theorem The Laplace inversion formula,
see [10, Theorem 24.3 and 24.4] and [5], implies that for ¢ > 0 we have

—€+ioo —€e+ioo

1
8:0(2) = (27)2/ L(p,q)e "1 dpdg.

—€—i00 —€—i00
We are now going to use the functional (9) and the residue theorem to transform the double
integral into a sum of simple integrals.
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Lemma 6 (Reduction to simple integrals) The Green’s function satisfies g;,(z) = I1+ 1+ 13

where . N
I = =L [Tt __Li@  ,-P @x=4y g,

— 2im J—e—ioco /(1 V)2 —2q

+ico L —px—0+
b=zt L [retioo z(p) e P27 Py dp,

€—ioco 2 (19)
1 etioco emo+Q+<p))0 P07 ()Y
13 T 2im f €—i00 / —2p dp

Proof The following equalities are explained below.

—€+ioco  p—etioco | + L — ePX0+4qyo0 i
¢(20,2) = 2/ 1(q) + La(p) P dpdg
(2 N) €—i00 —€—100 K(pvq)
—eti
_ ;1 €+100 : Ll(‘]) eier(q)x,qydq
27 Jcmice 5(PF(q) — P7(q))
L 1 La(p) Pt
27 J—e—ioo 5(QT(p) — O~ (p))
— —e+i +0* (D)
_.71 €+i00 ] eP*o P)yo e_px_QJr(p)ydp
27 ) —e—ico 5(QF(p) — Q™ (p))
=h+h+1

The first equality above comes from the functional (9). The second equality above comes
from the residue theorem applied to an integration contour Cg represented in Fig. 3 to obtain
I (and a similar contour to obtain /> and /3). In a classic way, the residue theorem implies

that ﬁ Je, ,f(llgf’;)e””’qydp = %(W%e’w@x"’y since P (q) is the only pole

(@)—P~(q)
of the integrand inside Cg. Furthermore, the integral on the red half circle and the blue

segments tends to 0 when R — oo and we obtain that — —:-ﬁ-ii;o I{L(llig‘];)e_l’x_qydp =
Li(q)

limg_ oo fCR K€ ~PY=4Ydp taking into account the orientation of the contour to deter-
mine the sign. Detaﬂs are omitted and one can refer to [19, Lemma 4.1] or [13, Proposition
5.] which perform similar calculations. The third equality just comes from the definition of

P* and 0% in (12). o
Fig.3 Integration contour Cg A
and Q1 (p) the only pole of the o .
integrand inside Cg e+t Cp
+
P (q)
_E o
R
— —1R
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Steepest descent method We are going to denote by (r, @) € Ry x [0, /2] the polar
coordinate of the point z = (x,y) € RZ, ie. (x,y) = (rcosa, rsine) and (r,a) =

(v/x% 4 y2, arctan(y/x)). Let us define the functions
F(p,a):=pcosa+ QT (p)sina and G(g, ) := PT(g)cosa + g sina.

The point (p(«), g()) defined in (15) is a saddle point for these functions. Indeed, for
a € (0, r/2) the first derivatives (according to p for F and g for G) satisfy

Fo(p(@),a) = G,(q(a),a) =0,
and the second derivatives satisty

Cosa £t Gpiqana) = - EXUTINOT o (o)

F;(p(a)sa) = - . 2
SN~ o COS~

Lemma 7 (Asymptotics of I1) When r — oo and o — «q the following asymptotics hold
true:

e~ 2 (P(@0),9(x0)) 1 (p(a0).q(ao))
Iy = =Li(gq(ao - +0(—e’z' 0), 0),
TTr(Ccos o + Sin o r
RN ET O\

e~ 2 (p(@0).9(x0)) 1 o (p(a0).q (@)
IQ:—LZ o0 - +0(7€_' 0)s 0>’
(p(a0)) N 2mr(cosag + sin ) Jr
e~ 2 (p(@0).9(x0)) 1
I3 = P (@0)yo+q(@)yo 0 (76—2-(17(&0).(1(0!0))) .
27 r(cos ag + sin o) r

Proof Theintegral /] is typical to apply the classical saddle point method. A famous reference
is Fedoryuk’s book [15, §4]. Starting from (19) we then obtain

—1 et Li(q)
h=-— T
287 Joeico /(1 —p)2—2¢g

- b hi@) 2 rGheoe (Le—rc(q«xo),ao)) .
=00 2w /(1 — )2 — 2q (o) | 7G4 (q(@0)) Jr

eer(q,a)dq

Let us give some details about the application of this method. To obtain the asymptotics we
shift the integration contour onto the steepest descent line which passes through the saddle
point g (). This is possible since the integrand is a meromorphic function and we do not cross
the only pole since g(a) < (1 — y)?/2 for a € (0, /2), see (15). Then, the asymptotics
derives from the classical Laplace’s method, see for example [13, Lemma 16]. To handle
the convergence in o« — a9 we just apply a simple parameter-dependent Morse lemma, see
[19, Appendix A] which details this technique. To conclude, a straightforward calculation
using (16) and (20) shows that

1 1 27 1
27 /(1 — )2 —2q()\ Gig(@)  2m(cosa + sina)
and it just remains to remark that rG (g (@), @) = z - (p(), g()). O

Proof of (14) The main asymptotics (14) of Theorem 4 directly derives from Lemmas 6 and 7.
One will compute more explicitly h%(zo) = e?©@*0+2@¥ _ [ (g(x)) — La(p(x)) in the
following section which will show that this function is non-zero for @ € (0, 7 /2). O
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Asymptotics on the boundaries via Tauberian lemmas

Lemma 8 (Branching point behaviour) When g — ¢t := g(/2) = (1 — y)2/2 we have

Li(q) = Li(gh) — (xoe” @00 _ 5P~ (¢P)V2(qF — q) + oWt — )

and a symmetrical result holds for L.

Proof Evaluating (9) at (P~ (g), g) and making a Taylor series expansion when g — g* we
obtain
Li(q) =" @0rm0 — 1,(P~(q))

= Li(g")+(xoe” @00 Ly (P (g NPT (@)~ P (g ) +o(P (@)~ P (g")

and it just remains to notice that P~ (¢)) — P~ (¢g") = —/2(qt — q). o

Proof of (18) Lemma 8 and classical Tauberian inversion lemmas [10, Theorem 37.1], [6,
Lemma C.2], imply that

V2 sty

A0) | Groel ORI — Ly (P ) sy

and we deduce the asymptotics (18) of Theorem 4 noticing that T'(—1/2) = —2/7. O

4 Martin Boundary and Persistence Probabilities
4.1 Doob’s h-transform and Persistence

In this short section, we give a probabilist interpretation of the harmonic functions 4%, found
in Theorem 4, in term of the persistence probabilities of the process conditioned to drift in a
given direction.

For« € [0, /2] we consider the probability P* defined by the Doob’s i-transform for the
harmonic function & (x, y) =e*P(@O+Y1(@) gg50ciated to the process Z(t) = zo + W(t) + ut,
,i.e. Gh = 0. We have

: h(Z(@))
P*(Z(t) € §) = E(eP@ 4@ WOtung ) )=E (7}1 (Z(0)) LZwes

for a set S € R%. Under P* the process Z(t) is a Markov process of transition kernel

P20, 2) = G 0P@+0-0g@ p (o0 oy PE) B
h(xo, y0)
where P; is the transition kernel of Z () under P. Under P* the process Z(¢) is conditioned to
drift in the direction « (in the sense of the Doob’s i-transform). This follows from a classical
result [42, VIII (3.9)] which, using the Girsanov theorem, states that under P* the process
remains an It6 process with the same diffusion coefficient ¥ and with a new drift given by

1
nw+XVlogh = ——— <C9sa>.
Sina + coso \SIno
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The last equality follows from the valuesof u = (1—y, y), 2 = (_11 _11> and (p(a), g(a))

in (16).
We introduce the corresponding modified Green’s measure, for S C Ri we set

G2, () :=/ P*(Z(1) € S,t < T)dt
0

and its density
g?o (z) := e(X—XO)P(a)"F()’—}’O)q(a)gzo (2).

We define L“ the Laplace transform relative to these modified Green’s functions and we have
L*(p.q) = L(p + p(@). g + q(@))e” 0P 700,
On the same way, we introduce the modified exit measures
S =P*(Z(Th) € S, Ti <T») and A5(S) :=P*(Z(T») € S, T>» < T1)
and their densities
f(y) 1= e 0P@TOD0ID fi(y) and ff(x) 1= 0OV (),
We denote their Laplace transforms L{ and L§ and we have
L{(q) = Li(q + q(a))e 0P @709 - L8(p) = Ly(p + pla))e 0P @204,
One may remark that
LY(0) =P¥(T1 < Tr), L5(0)=P*(T> <Ty), L)+ L5(0)=PYT < o0).

Proposition 9 (Conditioned persistence probabilities) Let zo = (xg, yo), for o € (0, w) we
have

h%(z0) = exop(a)+YOq(a)]IDa(T = 0) = eFop(@)+yoq@) _ E(eXY‘P(a)+Y7‘q(0!)]1T<OO) Q1)
and
o (Zo)zyoemrl(ﬁ)ﬂ*oq(o) _E (YT1 1 OYry 1y <To) , B2 (z0) :erXop(N/Z)Hoq(ﬂ/Z) _E (Xqu]’(ﬂ/z)XTz ﬂTz<T|) .

When xo — 00 and yo — 00 we obtain

h%(z0) ~ eXOP(Ot)eroq(Ot), hO(ZO) ~ yoeXOP(O)eroq(O) and h”/Z(ZO) ~ erXOP(ﬂﬂ)' (22)

Proof By Theorem 4, we have
h(z9) = P00 — 1 (g (@) — La(p(@))
= eP(lX)X0+q(0()y0(1 — LY(0) — L5(0))
— eP(‘Y)XOJFl](Of)YO(] —PYTy < Th) —PXYTh < TY))
— ep(a)onrq(a)onp)a(T = 00)
= P @X0tq@)yo _ op@X0tq@yop (T < 50)

— gfor(@)+yg@) _ E(eXTp(a)+YTq(u)]lT<oo),
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and also
1 (o) = yoe P OO — Lj(q(0))

— e PO+30a0) _ g (YTI 1Oy ﬂTldz) )

We now assume that xo — oo and yg — o0. Noticing that P*(T = co)— 1 we obtain the
asymptotics for 1% when o € (0, 7/2). Remembering that p(0) > 0, ¢(0) < 0 and that

Y7, > yo, we see that E (YT] 4Oy 1, <T2) = o(yoeXOP(0)+y0‘1(O)) and the asymptotics of

hO follows. A symmetrical proof holds for #7/2. These asymptotics will be useful in the proof
of Theorem 13. O

4.2 Martin Boundary

Martin boundary theory, was originally introduced by Martin [35] and developed by Hunt,
Doob, Kunita and Watanabe. We refer to the classic book by Doob [11] and the one by
Pinsky [40] for a comprehensive presentation of Martin boundary theory. One can also
see [39] which presents and adapts this theory in the case of degenerate processes. Let us
give a brief overview of the theory.

Let Z be a transient Markov process on M. In our case Z is the killed degenerate Brownian
motion and M = Ri. If we are not interested in a killed process, a function 4 is said to
be harmonic (resp. superharmonic) for the process Z if the mean value property h(zg) =
E o [h(Z )] (resp. h(zo) = E; [h(Z)]) is satisfied for any compact K C M and zp € K,
where 7y is the first exit time from K . In our case, since we are considering a killed process, the
mean value property is h(z9) = E;,[h(Z¢; )11, <7] and this is equivalent to the definition
given in Remark 3. A nonnegative harmonic function # is said to be minimal if for any
harmonic function f such that 0 < f < h we have f = Ch for some constant C.

We denote the Green’s functions of the process Z by g;,(z), and we define the Martin’s
kernel for an arbitrary fixed point z; € M by

2)
Kz, 2) = 528
8z (2)
In our case, we take z; = (1,1) € ]Ri. The Martin compactification M is the smallest

compactification of M such that z — k(zo, z) extends continuously for all zg. The Martin

. — . R?
boundary is defined by 9y Z := M\ M. In our case we denote the Martin boundary by 9,," Z.
The functions zg — k(zo, z) are superharmonic for all z € M. The minimal Martin
boundary is the set of points

omZ :={z€dyZ:z0+— k(zo, z) is minimal harmonic}.

The main result is the following representation theorem. For any nonnegative harmonic
function #, there exists a unique finite measure mj, such that

h(x):/ k(zo, 2)my(dz).
OmZ

In practice, it is by determining the limit of the quotient of Green’s functions in all directions,
that we can determine Martin’s boundary and the minimal harmonic functions.

Theorem 10 (Martin boundary) For « € [0, /2], the function zo + h*(zo) is harmonic
for the process Z, i.e. Gh* = 0 inside the quarter plane and h* = 0 on its boundaries. The
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RZ
Martin boundary of the process Z killed outside of the quarter plane is denoted 9,," Z and
is homeomorphic to [0, 7t /2] through the map ® given by

2
®:[0,2] — 9, Z
h ()

o .
he(1, 1)

., . . 2
Proof We have defined the Martin’s kernel for the arbitrary point (1, 1) € (Ri) by

820 (2)
g1,1)(@)
By the Martin’s boundary theory in a parabolic context [11, Chap XIX] we have to show that
fora € [0, /2], z = (x, y), z — oo and y/x — tan o we have

o __ h*"(z0)
k(zo,2) = k%(20) := W)
For o € (0, /2) it directly derives from the asymptotics of the Green’s function g, (14)
found in Theorem 4. For « = 0 or 7/2 it is enough to use formula (18) of Theorem 4
and Proposition 2 and to apply 1’Hopital’s rule. The continuity of & is clear on (0, 7 /2).
The continuity at 0 derives from Remark 5, noticing that p’(0) = 0, with a simple Taylor
approximation we obtain that 1% = ag’(0)h° + o(e) when o — 0 and then k¢ — k° when
o — 0. The same reasoning holds for the continuity at 7 /2.
The injectivity of ® follows from the asymptotics of 2* when xg — oo and yyp — 00
which are all different for different values of «, see (22) of Proposition 9. Since [0, /2] is
compact and @ is a continuous bijection, ® is an homeomorphism. O

k(zo,2) ==

In Theorem 13, we will deduce from the asymptotics (22) that the Martin boundary is minimal.

5 Harmonic Functions via the Compensation Approach
5.1 Minimal Harmonic Functions

The harmonic function 2% (zg) defined in (17) has been expressed in terms of the Laplace
transforms L and L, and then interpreted in (21) as a persistence probability of a conditioned
process. But this is not a very tractable expression since these Laplace transforms and these
probabilities are not known explicitly. In this section, we compute explicitly all the harmonic
functions 2%(zg) thanks to a recursive compensation approach.

Proposition 11 (Harmonic functions via compensation approach, a € (0,7/2)) For z =
(x,y) € R2, we define the functions h(P0-90) by

7 (P0,q0) (x,y) = Z(_l)ﬂexpn+}% (23)
nez
where (pn, qn) is a recursive sequence of points on the parabola P := {(p,q) € Ri :

K(p,q) = 0} starting from (po, qo0) € A = {(p(a), q(@)) : a € (0, 7w/2)} the red arc of
the parabola, see Figs. 2 and 4, and defined by

and (pan+t1, 92n+1) = (P2n, G2n42)-

24

Pan = po+2n(po — qo) —2n(n +y)
q2n = qo0 + 2n(po — qo) —2n(n +y — 1)
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(P-1,4-1) (p-1,9-1) -
9. - = (pg.(]v o
(P2, 42) (Pos o) (a1
(p1, 1)

)
,P 7) = (o, q0)

(p-3.9-2) (P-3,4-3)
(P-2.Ja-2) = (Pt

(p3, a3
= (p-2,q}2)

(P4, qa)

(p3,43)

(p-1:4-4)

Y (P-1,q-14)

Fig. 4 Sequel of the points (py, gn) on the parabola P := {(p,q) € R? : K(p,q) = 0}. On the left
(po. q0) € A= {(p(@), q(@)) : o € (0, w/2)}, on the right, (po, g0) = (p(0), ¢(0)) € 0.A

Then, the functions 1 (P0-90) gre positive and harmonic for the process Z killed at the boundary
of the quadrant, that is

GhP0:90) =0 on (R*)2

g 25
P02 =0 onR x {0} U{0} x R. =

Proof This sum is typical of the compensation approach applied to Brownian processes [16,
20]. First, we may notice that the convergence of the sum is trivial since the sequence
(Pn, qn) tends to minus infinity quadratically. Let us notice that a function f(z) = e* (¥4
satisfies Gf = 0 if and only if K(p,q) = 0, i.e. (p,gq) € P. It is easy to verify that for
all n € Z we have (py, qn) € P, see Fig. 4. Therefore, we deduce that gﬁ“’o’%) = 0 for
z=(x,y) € ]R_%_. Furthermore, using (p2,+1, g2n+1) = (P2n, g2n+2) We have the following
recursive compensations

=0 when x=0 =0 when x=0

R(P090) (x y) = .. 4 @P-2¥FT4-2Y _ oP-13HG-1Y | oPOXFGOY _ gPINTALY 4 oP2HRY 4 ...

=0 when y=0 =0 when y=0

and we deduce that 1(P0:90) satisfies the boundary conditions of (25).
It only remains to show the positivity. First, there exists 7 > 0 large enough such that
when x + y > r we have 27020 (z) > 0, indeed

>0 when x+y large enough >0 always

E(Po,qo)(x’ y) = eP0xtqoy _ pP1X+aq1y _ pp-1xtq-1y E ePmXtamy _ o Pon1X+qom+1y

N*
>0 always
+§ eP-2n¥+q-2my _ oP-2n—1X+q-2n-1y
N*
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For all starting point zo = (xg, yo) € ]R?F of the process Z = (X, Y), remembering that
X(t) 4+ Y () = to + ¢ and since ~(P0-90) is harmonic, we deduce that

RP0-90) (xo, yo) = E[RP9)(Z(1))] = 0

[m}

It remains to define the two harmonic functions associated with the extremal points of
the arc d.A = {(p(0), ¢(0)), (p(7/2), q(7/2))}. Indeed, when (po, go) — (p(0), ¢(0)) or
(p(/2),q(m/2)) we have 7 (P0:a0) — 0. That is why we have to define RP©.40) apd
h(PG/2.4(1/2) differently.

Proposition 12 (Harmonic functions via compensation approach, « = 0 or 7/2) For z =
(x,y) € RZ, we define the function hP©-20) py,

7 (P(0),4(0)) (x,y) = Z(_an + (1 = 2n)y)e Prtyan (26)

nez

where (pan, q2,) IS a recursive sequence of points on the parabola P starting from (po, qo) =
(p(0), g(0)) = (y2/2, —y + y?/2) € 0.A, and defined by (24), which means in this case

{pzn = y2/2 — 22,

27
g =v*/2—y —2n(n —1). 0

Then, the function R(P©).40)) j positive and harmonic for the process Z killed at the boundary
of the quadrant, and it satisfies (25). A symmetric expression holds for h(Pt/2:4(T/2))

Proof First, we again notice that the convergence of the sum is trivial since the sequence
(pans qan) tends to minus infinity quadratically. Here we cannot compensate in the same
way that in the previous proposition because we would obtain the null function since
(p2n, q2n) = (P—2n+1>9-2n+1)- Therefore, we compensate using linear polynomials in
front of the exponential terms. With a straightforward computation we notice that a func-
tion f(x,y) = (Arx + A2y)e™P™V4 satisfies Gf = 0 if and only if K(p,q) = 0 and
M@ =y)+p—q) + 2ty +q— p) =0. Itis easy to verify that K (pan, g2n) = 0 and
=2n((1—=y)+pa— qzn)—i—(l 2n) (Y 4+q2n— p2n) = 0. Therefore we deduce that Gh(Po-40) —
0forz = (x,y) € R . Furthermore, using the fact that (p2,, g2,) = (P—2n, g—2n+2) We
have the following recursive compensations, we obtain that R(P©).4(0)) (x, y) is equal to
=0 when y=0 =0 when y=0 =0 when y=0

—_——~—
yePax-HM)’ - (2x + y)el’zx+q2y+ (2x + 3y)er’72«r—q72y_ (4x + 3y)eli4x+l]4y'+ (4x + 5y)eﬂ—4x+q74.\’ 4.

=0 when x=0 =0 when x=0

and we deduce that 7?(©)-70) satisfies the boundary conditions of (25). Positivity is proved
in the same way as in the proof of Proposition 11. It is easy to see that the function 1 (P(©).4(0)
is positive for x 4 y large enough and we conclude in the same way thanks to the harmonic
character of the function. O

The following proposition shows that the compensation approach actually allows to con-
struct all positive minimal harmonic functions. This implies a correspondence between
minimal positive harmonic functions and the arc of parabola A.

Theorem 13 (Minimal harmonic functions) For all a € [0, /2] we have

pp@).q@) _ pa (28)
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where (p(a), q()) is the saddle point defined in (15). The Martin boundary given in
Theorem 10 is minimal. It is homeomorphic to the arc of parabola A through the map

A — 8 iz
B (@), q(a)) (z0)

(Pl 4 (@) — L

See Figs. 2 and 4.

Proof Recall that the Martin boundary 9 +Z is determined in Theorem 10 and is homeo-
morphic to [0, 7 /2]. In Propositions 11 and 12 we have seen that the functions /1 (P(@)-4(@)
are nonnegative harmonic for o € [0, 7 /2]. By Martin boundary theory [11], we have

~ /2 b (z0)
(p(a),q(@)) _
h (z0) = /0 WAL 1)dma(m (29)

for some measure m,, on [0, 7/2]. Let zo0 = (x0, yo) and @ and B8 € (0, 7 /2), when xg — o0
and yg — oo we have H(p(e).q(@) (z0) ~ eXor(@)+yoq (@) by (23) and hﬁ(zo) ~ eXop(B)+yoq(B)
by (22). For a = 0, we have h(P©@:4O) (75 ~ y,e*0rO+3040) by (26) and for g = 0,
h0(zg) ~ ype*or®+y0q(0) by (22) and a symetrical result holds for « = 7/2. Then, from
these asymptotics and (29) we can deduce that m, = h*(1, 1)8, (Where §, is the dirac
measure at ) and therefore RhP@.q@) — pa

To demonstrate this, the main idea is that it is not possible to create an exponential
asymptotic of a certain parameter by averaging exponential asymptotics of other parameters.
Let’s give some details and show that the support of m,, is reduced to {«}. Let By € (0, w/2)\
{a} and let’s take zo = (x0, yo) = r(cos Bo, sin By) for some r > 0. By Definition (15), there
exists € > 0 such that for all 8 € [By — €, Bo + €] we have

xop(B) + yog(B) > xop(a) + yog(a),

hP (z0) — ; ;
and then, using the above equivalences, 11m inf inf ey = Since all functions are

nonnegative, it follows from (29) and from Fatou s lemma that

/2 1 Wb (z0) Bo+e
1= = dmy > oo dmy (B).
/() hP(1, 1) h(P@),q(@) (z0) ) /ﬂo—s ®

This inequality implies that mq ([Bo — €, Bo + €]) = 0. The same reasoning holds for Sop = 0
or w/2 and we have my([0,0 + €]) = 0 and my([r/2 — €, 7/2]) = 0. We deduce that
my = coy for some ¢ > 0. With (29) and since we have seen that A% (zg) ~ ﬁ(”("‘)*q(“»(zo)
we conclude that ¢ = h%(1, 1).

We deduce that these harmonic functions are minimal since there is a unique measure on
the Martin boundary which satisfies (29). The Martin boundary is then equal to the minimal
Martin boundary and is homeomorphic to the arc of parabola A through the composition

between the map @ given in Theorem 10 and the homeomorphism [0, 7/2] - A : o +—
(p(a), g(a)). o

The same kind of phenomenon appears for non-singular random walks [28] and singular
one [25].
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5.2 Persistence and Exit Probabilities

From (21), (23) and (28) we find explicitly the persistence probability of the conditioned pro-
cess: PY(T = 00) = e ¥0P(@=Y0q(@) po () The next remark focuses on the non-conditioned
process.

Remark 14 (Persistence probability) Let o, € (0, /2) such that tane, = y/(1 — y), we
have (p(ay), g(@y)) = (0, 0) and then P = IP*». Then, the probability that the process stays
in the cone forever is equal to

Py (Vi >0: X, € C) =P(T = 00) = RO (z0) = h* (z0).

For zo = (x0, o) = (to — yo, Yo) and remembering (24) we obtain

P2n D2n+2
—— ——
P(T = 00) = Z(_l)nepnmwnyo — Zepznquznyo _ Zepznﬂ *0+42n+1 Yo
nez nez nez
_ Z 2 sinh (%n — 92n+2 Yo ePanO+W#),O
2
nez
=2 sinh((2n + y)yo)e 2TV,
nez

We can also express this quantity in another way to match Defosseux’s result [8, Proposition
2.3]. By noting that p_s,x0 + g—2,y0 = —2n%ty + 2nyty — 2nyo and papxo + gan2Y0 =
—2n2tg — 2nyty — 2y yo — 2nyo and with a simple change of variable in the sum we obtain

P(T = 00) = Zelhznxg+q72nyo _ Zepznm+qzn+2yo

nek nez
=2 Z sinh(y (yo + 2m‘0))3—2(")‘0+n2t0)_yy0.
nez

We are now interested in P*(7T7 < T) and P¥(7» < Tp) which are the exit probabilities
on each side of the cone of the conditioned process.

Proposition 15 (Conditioned probabilities of exit on an edge) For « € [0, 7] we have

Li(g(a)) = eP@xotalnope (< ) = Z (=1)"FlePn¥otano
ne—N*

and

La(p(a)) = P X0t a0pe (T, < 71y = Y~ (—1)"H eprrotan
ne+N*

where (po, qo) = (p(a), g(«)) and the sequence (py, gn)nez is defined in (24).

Proof The proof is again based on a compensation method. Let us define

Z?(Zo) = Z (—=1)Hlepn¥otanyo,

ne—N*
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Let us verify that the function Z‘f is harmonic and satisfies the following conditions:

(GLY)(z0) =0 forzg € (RY)?,
LY(z0) =0 for zo = (x0, 0) € R x {0}, (30)
L$(z0) = 7@ for z9 = (0, yo) € {0} x R.

The first condition is trivial by the construction of the sequel (p,, ¢,) € P, see Proposition 11.

The boundary conditions can be seen by summing in packets of two (taking into account the
first term which cannot be compensated on one side) as follows

=¢9(@Y0 when xo=0 =0 when xo=0 =0 when xo=0

L‘i‘ (z0) = eP—1¥0H4-150 _ oP-2X0Fq-2)0 4 pP-3X0=4-3)0 _ @P—4X0F4-4)0 4 oP-5X0FG-5Y0 ...

=0 when yp=0 =0 when yp=0

With a classical martingale argument we remark that the function zg — L{(g(«)) seen as a
function of zg is also harmonic, i.e. G;,L1(g(r)) = 0. This function also satisfies the same
boundary conditions, to verify it, it is enough to remark that via the Doob’s A-transform we
have

Li(g(@) = ep(a)xo+q(06)yoL? 0) = ep(a)onrq(a)yopgo(Tl <T»)

and of course P*(T; < T») = 0if zg € R x {0} and P*(T} < Tp) = 1 if zg € {0} x R. The

functions Z‘f and L (g («)) seen as a function of zg both satisfy (30) and tend to O at inﬁnity.
We deduce by the maximum principle that these functions are equals, i.e. L1(g(a)) = L. O

Remark 16 (Probability of exit on an edge) For o, € (0, 7/2) suchthattane, =y /(1 — )
we have (p(ay), g(ay)) = (0, 0) and we find that the probability P(T; < 13) that the process
exit of the cone by the vertical axis is equal to

P2n 92n+2

—_—— ——
P(T, < T)) = Lr(0) = Z (=1 H gpn¥otanyo — Zepzn-u x0+q2n+1Y0 _ Zep2n+2XO+qzn+z,vo
neN* neN neN
= Z 2 sinh (7172" —2P2n+2 xo) elyz'ﬁ#xoﬂn”*”0
neN
-2 Z sinh((2n + 1 + J/)x())e—(2n-!-2)(ﬂ+7/)10—()/+1)xo
neN

where (po, o) = (0, 0). Similarly, we obtain

P(Ty <Tr) =2 Z sinh((2n + 2 — y) yg)e~ Z T2+ 1=yi=C=y)yo
neN

This result matches with Anderson’s result [2, Thm 4.1].

Corollary 17 (Laplace transform on the boundary) The Laplace transform L can be extended
analytically on C\ [q ™, 00) by the formula

Li(g)

— Z QSinh((zn_po_qo_,,y_,_])xo)e(po+(2n+1)(pofqo)72n(n+y+1)fyfl)xo+(q+(2n+2)(P+(q)fq)f(2n+2)(n+r)>.vo
ne—N*

— Z e(P0+21n(po—q0)—2n(n+y))xg+(g0+(2n+2)(po—q0)— (2n+2)(n+y))yo

ne—N*

_ o(Po+2n+2)(pg—4q0)—(2n+2)(n+14y))xg+(q0+(2n+2)(pg —q0)— 2n+2)(n+y))yo
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where (po, q0) = (P (q), q) and

poan =P (@) +2n(PT(q) —q) —2n(n+y)

and (p2n+1, @2n+1) = (P2n> Q2n+2)-
G =q +2n(PT(q) —q) = 2n(n +y — 1) Pantls Q2n+1) = (P2n: G2n+:

3D

Proof The result directly derives from Proposition 15, the fact that (p(@),g(a)) =
(PT(g(@)), g(a)) and the analyticity of P™ on C\ [¢™, 00). Taking (po, g0) = (P (q), q)
we obtain that

Li(g) = Z (_1)n+lepnxo+qn)’0 — Z (eP2n¥0 _ pP2mt2%0Y p42m4230

ne—N* ne—N*
— PantPon42 ,
= Z 2sinh <7pzn 2p2,,+2 x0> e T o X0+aam+2)0
ne—N*

and we conclude noticing that (24) implies (31). ]

6 Exit Densities and Transition Kernel

This last section aims at computing the inverse Laplace transforms of L and L, to obtain
an explicit expression for the exit densities f1 and f>. Finally, these expressions are used to
calculate the kernel pl({t’ocyo) (t, y).

Theorem 18 (Exit densities on the boundaries) Let zo = (xo, Yo) the starting point and
to = xo + yo. Exit densities are given by the following formulas:

1 2
e~ 10(=y)=yoy =2 (1=y)"(y=t0) 1 (@u+Dig—yp)? o
fiky) = \/T m Z((Zn + Dty — yo)e ? g T@nADyo—2n(n+Dig
i y—n nez
1,2
e~ toy—xo(l=y) ,—77"(x—10) 1 (@n+Dig—x)? B
Al = Z((Z” 4 Dtp — xg)e” 2 g @ Dxo—2n(n+Dio

Vir Ve -0 g

Proof We seek to inverse the Laplace transform of Corollary 17. We have

Li(q) = Z(eP—Zn—ZXOJF‘]—Zn.VO — eP-2-2X0+4-21-230)
neN
- Z o~ (PT (@) (@n+Dto—yo)+qt0—2n+2) (n+1-y)to+2(n+1-y)yo

neN
_ o~ (PT@—a)(@n+Dito+y0)+qt0—2n+2) (n+1-y)to—(2n+2) o
— Z e*((2n+1)t0*y0)\/(1*V)2*2q+qt0*lo(2n(n+l)+1*)/)+yo(2n+1ﬂ/)
neN
_ e*((2n+1)to+yo)\/(l7}/)27Zq+qtofto(2n(n+l)+17)/)7yo(2n+1+1/)

We denote £q_] the inverse Laplace operator related to the g-variable. Fora > 0, b > 0 and
y >ty we have

L da-m+2)

b —1
V2r (3 — 10)3 o

Ly ety (y) =
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Taking the inverse Laplace transform of the sum term by term, it reads

e~ o(1=y)=yoy 1
Si(y) =
V2 (y — o)
(@n+1)ig—y)?
Z((z”‘ 4 Do — yo)e*%((1*V)Z()’*to)JrJr).%?o)o)e—Zn(n-&-l)to—k(Zn—t-l)yo
neN
2n+1 ¥ 2
—(@n+ Dio+ yo)e—%((l—y)2(>’—zo)+%)e—zn(n+1)zo—(2n+1)y0

which coincides with the stated result summing over Z. The formula for f,(x) is obtained
replacing 1 — y by y and y by x. O

With some tedious computations, one may verify that this result matches with Anderson’s
result [2, Thm 4.3] by deriving its formula (4.32).

Remark 19 (Density of the first exit time and persistence asymptotics) The previous result

gives an explicit expression for the density of 7 since we have seen in (8) that fr(t) =
f1(to + 1) + f2(to + t). The persistence probability of the process after a time 7 is given by

P(T > t) = P(T = o0) + /Oo fr(s)ds
t

2 (-2
W0(zo) e~ T U0 pm/2(50) ¢— 3 (t+10)
— g + | P T + (<o) . (14 o(1))
t—00 /27 13/ /2 372

where the asymptotics derives from (18) and «,, is defined in Remark 14.

The literature is full of results for calculating the probability that a Brownian motion does
not exit a cone before some time 7, see the introduction of [21]. First, Spitzer obtained an
explicit expression for this probability for a two-dimensional Brownian motion with no drift
in any cone [44]. Still in the case without drift, DeBlassie obtained an explicit expression
for this probability and its asymptotics for a general class of cones in any dimension [7].
Much less is known about Brownian motion with non-zero drift. The case of Weyl chambers
has been studied by Biane et al. [4]. In [21], Garbit and Raschel compute the asymptotics of
this probability for a very general class of cones in any dimension. They show that up to a
constant the asymptotics is given by

h(x)t e84 (1 + o(1))

where & is a harmonic function, x is the starting point, a is a constant and if p is the drift
and C is the cone, g = %d (i, C)2. This general form of asymptotics is reminiscent of the
formula in Remark 19.

We now use the previous result about the exit densities to obtain an explicit formula for
the Green’s function of the process Z, and then for the transition density of the space-time
Brownian motion B, see (7).
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Corollary 20 (Transition density of the killed space-time Brownian motion in a cone) For
(to +t, y) € C, the transition density defined in (6) is equal to

(y—yo— yn? 1 _ ()‘*YT*‘VU*T))2
e & — E, Yo) e 2-D Tr< (32)

2t —=T)

(y+2nr0+y07yt)2
- 21

1
pl(ct,C )(t’ y) =
0,Y0 m
(y— 2nt0 VU yt)
+y 2nio+yo) _
=2 (e

4 (2nt0+yo)> e—yyo—2n2t0—2ﬂyo

(33)

1 o=yn?

Proof Let us define p,y (y) = NirTid % the transition kernel of the free Brownian

motion with drift y starting from 0 and recall that we note p](‘lfyo) (@, y)dy =Py, y) (B() =
(to +t,dy), T > t) the transition kernel of the killed space-time Brownian motion in C. A
direct calculus based on the Markov property gives

PEC ) @ Ay =Py (BO) = (10 +1.dy) = Py (B@) = (10 +1.dy), T < 1)

1
— Py (B = (to+ 1. dy)) /0 Bl (B() = (t0-+ 1. dy)|T =Ty = 1) fa(ip+ u)du
1
- /O Pl oy (B() = (to + 1. dY)|T = Ty = v) fi to + v)dv
t
— Py (B(O) = (1o + 1. dy) — /0 Pty (B(t) = (to + 1, dy)) falto + w)du

1
—/ Plg+v.104+v) (B() = (to + 1, dy)) f1(to + v)dv
0

t t
) /0 PYu ) fallo + u)du — /0 Pl o(y — to — V) filto + vdv | dy

=:h(1) =:11(1)

and equality (32) follows. We defined in the previous formula the integrals /7 (t) and /> (#) and
we are going to compute these integrals by computing their Laplace transforms. We denote
L; the Laplace transform operator related to the 7 variable and » the convolution operation.
We have

Li(L(0))(p) = L ((p? 0xfa(to + ) (1) (p)

=L (p! ) (p) x Ly (f2lto + 1)) () (34)
One may compute that
L (07 ) (p) = 2D, 5)

V2(p +v?/2)

Recalling that Theorem 18 gives
e~ toy—xo(1=y) e‘iy u

V2

we compute the following Laplace transform (we note sgn the sign function)

10 — X 2
g, ({3t Dio=x0) )2y Criboor (p) = sgn(n)e|@n+Dio=xoly/2(p+r2/2)
/27 3/2

1 ((2n+l)r07x0)2

Z((zn + Ditg—xg)e” 2 = +Qn+1)xo—2n(n+1to

nez

flto+u) =
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and we obtain

L (oo + 1) (p) = e~ oy —xo(l=y) ZSgn(n)e—Sg"(n)((2n+1)t0—xo)\/ 2p+y?/2)+@n+Dxo=2n(n+ 1o

nez

(36)
Using (34), (35) and (36) we obtain the Laplace transform of /. By inverting this Laplace
transform we compute

DL(t) = e~y —x0(-y) ngn(n)p,y(y—l—sgn(n)((Zn T Dtg— x0))e €Y (@ntDio—x0)+Qn+1xo=2n(n+ Do

ne’
=77 )" sgn(n) pl (v + sgn(n)2ntg + yo))e 020 =sgn(my Guio+y0)
nez
— VY0 Z p! (3 + 2ntg + yo)e 2 0=2m0=y Cnio+y0)
neN
e VY0 Z p;/ (y — 2nty — yo)6—2'1210—2"‘»'0-*—1/(2nln+y0)
ne—N*

In the same way, we show that for x + y = 1y 4 ¢ we have

11(1) = e~ 1=1)%0 Z p,«l_y(x + 2019 + xO)e—2n210—2nxo—(1—y)(2nto+xo)

neN
_ == Z ptlﬂ/(x — 2nty — xO)e—2n2to—2nxo+(l—)/)(2nto+x0)
ne—N*
=703 Pl (v = 2(n + Do + yo)e 2D 020 Dyo+y (n+ Dio—yo)
neN
— e ST Pl (y + 200 — yo)e~ 2 t0+2myo—y @nio=y0)
ne—N*
— VY0 Z pty (y + 2nto + yo)e—2n2t0—2nyo—y(2n10+y0)
ne—N*
_ eV Z p! (y — 2nty — yO)e—2n2to—2nyo+y(2nto+yo)
neN*

Since p]({t’o?yo)(t, y) = p,y (y — yo) — I1(t) — I>(t) we obtain formula (33) which concludes
the proof. O

We find again the result obtained by Defosseux [8, Proposition 2.2].

The approach developed in this article which combines the steepest descent method and
a recursive compensation method allowed us to determine the Martin boundary and all the
harmonic functions associated with the space-time Brownian motion. By using these two
methods together, we also developed a new and original approach which enabled us to
recover some interesting results.
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